
16) 

(a) 

Let 𝑓1, 𝑓2 be continuous real-valued functions on [0,1]. Then linear combination

𝑐1𝑓1 + 𝑐2𝑓2

is also continuous real-valued function on [0,1]. So 𝑉 is the linear subspace of
𝔉([0,1]). 

(b) 

Let 𝑓1, 𝑓2 ∈ 𝑊. Then

∫ 𝑓1(𝑡)𝑑𝑡
1

0
= 0 

∫ 𝑓2(𝑡)𝑑𝑡
1

0
= 0 

Then 

∫ 𝑐1𝑓1(𝑡) + 𝑐2𝑓2(𝑡)𝑑𝑡
1

0
= 𝑐1 ∫ 𝑓1(𝑡)𝑑𝑡

1

0
+ 𝑐2 ∫ 𝑓2(𝑡)𝑑𝑡

1

0
= 0 

Thus 

𝑐1𝑓1 + 𝑐2𝑓2 ∈ 𝑊

So 𝑊 is a subspace of 𝑉. 

17) 

𝑓(𝑥) is the polynomial of degree n. Thus 𝑓′(𝑥) is a polynomial f degree 𝑛 − 1, 
𝑓′′(𝑥) is a polynomial of degree 𝑛 − 2, …, 𝑓(𝑘)(𝑥) is a polynomial of degree 𝑛 −
𝑘, 𝑓(𝑛)(𝑥) is a constant.. Since all polynomials 𝑓, 𝑓′, … , 𝑓(𝑛) have different degree,
they are linearly independent. Since they have consecutive degrees starting from 0,
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{𝑓, 𝑓′, … , 𝑓(𝑛)} form a basis of 𝑃𝑛(ℝ). So for every 𝑔(𝑥) ∈ 𝑃𝑛(ℝ)  exists 𝑐1, … , 𝑐𝑛 
such that 

𝑔(𝑥) = 𝑐1𝑓(𝑥) + 𝑐2𝑓′(𝑥) + ⋯ + 𝑐𝑛𝑓(𝑛)(𝑥) 

 

18) 

a) Is not linear transformation 

b) Is not linear transformation 

c) Is not linear transformation 

d) It is linear transformation. Matrix: 

(

1 0
1 0
0 1
1 𝜋2

) 

e) Is not linear transformation 

 

19) 

Suppose vectors 𝑥1, … , 𝑥𝑟, 𝑣1, … , 𝑣𝑠 are not linearly independent. Then there exists 
their non-trivial linear combination that equals to 0: 

𝑐1𝑥1 + ⋯ + 𝑐𝑟𝑥𝑟 + 𝑑1𝑣1 + ⋯ + 𝑑𝑠𝑣𝑠 = 0 

Since 𝑥𝑖 are independent this linear combination contains at least one none-zero 
term 𝑑𝑖.  

Let’s apply operator 𝑇 to this equality. 

𝑇(𝑐1𝑥1 + ⋯ + 𝑐𝑟𝑥𝑟 + 𝑑1𝑣1 + ⋯ + 𝑑𝑠𝑣𝑠) = 𝑇(0) 

Since 𝑇 is linear we have: 

𝑐1𝑇(𝑥1) + ⋯ + 𝑐𝑟𝑇(𝑥𝑟) + 𝑑1𝑇(𝑣1) + ⋯ + 𝑑𝑠𝑇(𝑣𝑠) = 0 
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Since 𝑥1, … , 𝑥𝑟 ∈ 𝑁(𝑇) 

𝑇(𝑥𝑖) = 0 

So 

𝑑1𝑇(𝑣1) + ⋯+ 𝑑𝑠𝑇(𝑣𝑠) = 0 

We got non-trivial linear combination of vectors 𝑇(𝑣𝑖) that equals to 0. This 
contradicts to independence of vectors {𝑇(𝑣𝑖)}. 

So vectors 𝑥1,… , 𝑥𝑟, 𝑣1, … , 𝑣𝑠 are linearly independent. 

 

20) 

Let 

𝑇(𝑣) = 𝑇((𝑣1, 𝑣2, 𝑣3)) = (0, 𝑣1, 𝑣2) 

𝑇 is linear transformation with matrix 

(
0 0 0
1 0 0
0 1 0

) 

Then 

𝑇 (𝑇 (𝑇((𝑣1, 𝑣2, 𝑣3)))) = 𝑇 (𝑇((0, 𝑣1, 𝑣2))) = 𝑇((0,0, 𝑣1)) = (0,0,0) = 0 

So we have 𝑇 (𝑇(𝑇(𝑣))) = 0 for all 𝑣 ∈ ℝ3. But 

𝑇 (𝑇((1,1,1))) = 𝑇((0,1,1)) = (0,0,1) ≠ 0 

 

21) 

𝐴𝑖𝑗 = 𝑦𝑖𝑥𝑗 
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Matrix 𝐴 has rows that are multiples of (𝑥1,… , 𝑥𝑛) with coefficients 𝑦1,… , 𝑦𝑚. 
Thus rank of matrix 𝐴 equals to 1. Nullity of 𝐿𝐴 equals to 𝑛 − 1. 

 

22) 

Kernel of operator 𝑇 is a plane. Equation of the kernel: 

9𝑥 − 9𝑦 + 𝑧 = 0 

Let’s take 

𝑇 = (
9 −9 1
0 0 0
0 0 0

) 

Kernel of T equals to 

𝑠𝑝𝑎𝑛 ({(
1
1
0
) , (

1
2
9
)}) 

 

23) 

(a) 

𝑇(𝑓) = (𝑥 + 1)𝑓′ + 𝑓 

Let’s check whether operator is linear: 

𝑇(𝑐1𝑓1 + 𝑐2𝑓2) = (𝑥 + 1)(𝑐1𝑓1 + 𝑐2𝑓2)′ + (𝑐1𝑓1 + 𝑐2𝑓2)
= 𝑐1((𝑥 + 1)𝑓1′ + 𝑓1) + 𝑐2((𝑥 + 1)𝑓2′ + 𝑓2) = 𝑐1𝑇(𝑓1) + 𝑐2𝑇(𝑓2) 

So 𝑇 is linear.  

(b) 

Let’s find explicit action of 𝑇 on polynomials: 

𝑇(𝑐0 + 𝑐1𝑥) = (𝑥 + 1)𝑐1 + 𝑐0 + 𝑐1𝑥 = 𝑐0 + 𝑐1 + 2𝑐1𝑥 
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Matrix representation of 𝑇: 

𝑇 = (1 1
0 2) 

24) 

Matrix representation of T: 

𝑇 =

(

 
0 1 0 … 0 0
0 0 1 … 0 0
… … … … 0 0
0 0 0 … 0 1
0 0 0 … 0 0)

 
 

Nullity of the operator: 

𝑣2 = 𝑣3 = ⋯ = 𝑣𝑛 = 0

So 

𝑁(𝑇) = 𝑠𝑝𝑎𝑛

(

 

{
 
 

 
 

(

 
1
0
0
…
0)

 
 

}
 
 

 
 

)

 
 

𝑇𝑘(𝑣1, … , 𝑣𝑛) = (𝑣1+𝑘, 𝑣2+𝑘, … , 𝑣𝑛, 0,0, … ,0)

𝑁(𝑇𝑘) = 𝑠𝑝𝑎𝑛

(

 

{
 
 

 
 

(

 
1
0
0
…
0)

 
 
,

(

 
0
1
0
…
0)

 
 
,… ,

(

 
0
…
1
…
0)

 
 

}
 
 

 
 

)
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