Sample: Calculus - Inequalities

Question 1

Suppose that a function f(x) defined everywhere is decreasing and concave down.
Prove that there is a number a, such that f(a) < 0.

Solution.

Since function is decreasing, for x, < y, we have: f(y,) < f(x,). Since function is

concave down, for z, > y, we have:
Zo — Y - X

0 Yy
Zo — %g f(xo) +

0
Zo_x

f(yo) = Zf(z(»

So

f(z0) <

L (F0) (20 — x0) — (20 — y) f(x0))
Vo — %o Yo)\Zo 0 0~ Yo 0

1
= ——(2(FO0) = FGx0)) + (o (o) = F G)x0))
Yo — Xo

o) = f(xe) | yof (xo) — f(¥o)xo
Zy +

Yo — Xo Yo — Xo

f o)—f (xo) <
Yo—Xo
0 because y, > x, and f(y,) < f(x,). This function intercepts x-axis at some

point py.

The last expression is a linear function of z,. Slope of this function is

Thus Vx > p, this function is negative. Since f(z,) is less than values of this
function, there exists a: f(a) < 0.

Question 2

Find without a calculator or computer the integral part of

1 1 1
1+ —4+—+ - —
V2 V3 \/1,000,000

(The integral part means the largest integer less or equal to the given one).
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Solution.

Consider a function

1
f(x)=ﬁ
1000000

= 2000 -2 =1998

1000000 1
j f(x)dx = 2x2
1

x=1

) ) 1. )
Since function = is monotone decreasing, we have:

=
1000000 | 1000000 1000000 999999
— = ——1<f f(x)dx < Z—
2 w2 w e, Vi
n=2 n=1 n=1
1000000
_ :E: 1
B vn 1000
n=1
So
1 1000000 1000000 1 1000000
4 dx < Z — < j dx + 1
oot feods 2w rwa
Thus
1000000
1998.001 < Z <1999
Vn
n=1
So integral part of
1000000
zg: 1
n
n=1

equals 1998.
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Question 3

Prove without calculator or computer that 2015213 < 20142014 < 20132015,

Solution.
Consider a function
f(x) = (2014 + x)2014-x
We need to prove
f) <f0)<f(-1)
Let’s find derivative f'(x):

fl(x) = (eln(2014+x)-(2014—x))’ = (2014 + x)2014—x (2014 - X

For x € [—2,2] we have:
(2014 + x)?014~x > 0

In2012 < In(2014 + x) < In2014

2012 < 2014 — x < 2016
2016~ 2014 +x — 2012

So for x € [—2,2] we have: f'(x) < 0.
Thus f is decreasing on [—2,2]. So
f=1)>f(0)>f()

The inequality is proved.

2014 + x

—In(2014 + x))
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Question 4

Prove that foranyn > 1

< @EE-Co) <&

Solution.

We need to prove:

< @6 (o)<

Let’s take logarithm:

Consider a function

2x—1>

fe) = ln( 2x

This function is monotone increasing.

Thus

-1

klen (2 J f(x)dx < z In (ZkZ; 1)

k=2

—1n<2n_1)+iln(2k_1 ff(x)dx<21n< kzzl)—ln%

k=1 k=1

S

So

n

f feoda+ ln < Z In (Zk = f f(x)dx + In (2"27: 1)

k=1

Note that



http://www.assignmentexpert.com/
http://www.assignmentexpert.com/do-my-assignment.html
https://www.assignmentexpert.com/assignments/#signup
http://www.assignmentexpert.com

n

z":l <2k_1)—1 sz—1
"2 ) T T2k

k=1 k=1

n

Jnf(x)dx = xIn (sz; 1) + %ln(Zx -1) »

_(1271—1 11 2 1)) (1 1)
=(nln > 2n n n2

So

L 2n—1 11(2 1)<2”:1 <2k—1>
nin Zn zn n k_ln 2k

<< 1 2n—1 11 % 1)) (1 1)+l (Zn—l)
nln o 2n n n2 n o

Taking exponent from both sides we get:

1 <2n—1)" ~ 2k —1 .1 (2n—1>" o2n—1
V2n—1\ 2n 2k V2n—1\ 2n n
Now,
1 (Zn - 1)" S 1
V2n—=1\ 2n 2\/n
and

1 (271—1)” 2n—1< 1
V2n—1\ 2n n \V2n

So the inequality holds.
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