
Question. 

State and prove Noether Theorem. 

Statement. 

If the action of a given system is invariant under the infinitesimal transformation that changes 𝑞𝑞 
to 𝑞𝑞 + 𝛿𝛿𝑞𝑞, then, corresponding to this transformation there exist a law of conservation, and the 
conserved quantity, 𝐽𝐽, can be obtained only from the Lagrangian and the infinitesimal 
transformation. 
 
Proof. 

If the infinitesimal transformation 𝑞𝑞′ = 𝑞𝑞 + 𝛿𝛿𝑞𝑞 is a symmetry of the action then [1] 

𝛿𝛿ℒ(𝑞𝑞, �̇�𝑞, 𝑡𝑡) =
𝑑𝑑
𝑑𝑑𝑡𝑡
𝑓𝑓(𝑞𝑞, 𝑡𝑡) 

from the invariance of action and  

𝛿𝛿ℒ(𝑞𝑞, �̇�𝑞, 𝑡𝑡) =
𝜕𝜕ℒ
𝜕𝜕𝑞𝑞𝑖𝑖

𝛿𝛿𝑞𝑞𝑖𝑖 +
𝜕𝜕ℒ
𝜕𝜕�̇�𝑞𝑖𝑖

𝛿𝛿�̇�𝑞𝑖𝑖  

because the transformation is infinitesimal. 

Using the Euler-Lagrange equations of motion  

𝑑𝑑
𝑑𝑑𝑡𝑡
�
𝜕𝜕ℒ
𝜕𝜕�̇�𝑞𝑖𝑖

� −
𝜕𝜕ℒ
𝜕𝜕𝑞𝑞𝑖𝑖

= 0 

we can rewrite first two equations  
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𝛿𝛿𝑞𝑞𝑖𝑖 − 𝑓𝑓(𝑞𝑞, 𝑡𝑡) is Noether’s current 𝐽𝐽 which is conserved quantity. 
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