
 

 

Answer on Question #58138-Physics-Electromagnetism 

Define quadrupole moment of a charge distribution. 

Answer 

 

Consider the system of charges shown in figure. It has no net charge and no net dipole moment. Unlike a 

dipole, it will experience neither a net force nor a net torque in any uniform field. It may or may not 

experience a net force in an external nonuniform field. For example, if we think of the quadrupole as two 

dipoles, each dipole will experience a force proportional to the local field gradient in which it finds itself. If 

the field gradients at the location of each dipole are equal, the forces on each dipole will be equal but 

opposite, and there will net force on the quadrupole. If, however, the field gradients at the positions of the 

two dipoles are unequal, the forces on the two dipole will be unequal, and there will be a net force on the 

quadruople. Thus there will be a net force if there is a non-zero gradient of the field gradient. Stated 

another way, there will be no net force on the quadrupole if the mixed second partial derivatives of the 

field componets (the third derivatives of the potential!) are zero. Further, if the quadrupole is in a 

nonuniform field, increasing, say, to the right, the upper pair will experience a force to the right and the 

lower pair will experience a force to the left; thus the system will experience a net torque in an 

inhomogeneous field, though there will be not net force unless the field gradients on the two pairs are 

unequal. 

The system possesses what is known as a quadrupole moment. While a single charge is a scalar quantity, 

and a dipole moment is a vector quantity, the quadrupole moment is a second order symmetric tensor. 

The dipole moment of a system of charges is a vector with three components given by 𝑝𝑥 = ∑ 𝑄𝑖𝑥𝑖, 𝑝𝑦 =

∑ 𝑄𝑖𝑦𝑖 , 𝑝𝑧 = ∑ 𝑄𝑖𝑧𝑖. 

The quadrupole moment q has nine components (of which six are distinct) defined by 𝑞𝑥𝑥 = ∑ 𝑄𝑖𝑥𝑖
2, 𝑞𝑥𝑦 =

∑ 𝑄𝑖𝑥𝑖𝑦𝑖 , etc., and its matrix representation is 

𝐪 = (

𝑞𝑥𝑥 𝑞𝑥𝑦 𝑞𝑥𝑧

𝑞𝑥𝑦 𝑞𝑦𝑦 𝑞𝑦𝑧

𝑞𝑥𝑧 𝑞𝑦𝑧 𝑞𝑧𝑧

) 

For a continuous charge distribution with charge density 𝜌 coulombs per square meter, the components 

will be given by 𝑞𝑥𝑥 = ∫ 𝜌𝑥2𝑑𝜏, etc., where 𝑑𝜏 is a volume element, given in rectangular coordinates by 

𝑑𝑥𝑑𝑦𝑑𝑧 and in spherical coordinates by 𝑟2 sin 𝜃 𝑑𝑟𝑑𝜃𝑑𝜙 The SI unit of quadrupole moment is 𝐶 𝑚2, and 

the dimensions are 𝐿2𝑄. 
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