
Answer on Question #51226, Physics, Other 

Write down the wave function 𝜓211 for the hydrogen atom. Calculate the probability current 

density for this state. 

 

Solution: 

The wave function 𝜓211 for the hydrogen atom is 

𝜓211 = −
1

8𝑎2√𝜋𝑎
𝑟𝑒−

𝑟
2𝑎 sin 𝜃 𝑒𝑖𝜙 

The probability current is 

𝐉 =
𝑖ℏ

2𝑚
(Ψ∇Ψ∗ −Ψ∗∇Ψ) 

 

The gradient in spherical coordinates is 

∇= 𝐫̂
𝜕

𝜕𝑟
+
1

𝑟
𝜃
𝜕

𝜕𝜃
+

1

𝑟 sin 𝜃
𝜙̂

𝜕

𝜕𝜙
 

 

so we can calculate ∇𝜓211 

∇𝜓211 =
−1

8𝑎2√𝜋𝑎
𝑟𝑒−

𝑟
2𝑎𝑒𝑖𝜙 [(1 −

𝑟

2𝑎
) sin 𝜃 𝐫̂ + cos 𝜃 𝜃 + 𝑖𝜙̂] 

 

We can now calculate J. The contributions along the 𝐫̂ and 𝜃 directions cancel out, so we are 

left with 

𝐉 =
𝑖ℏ

2𝑚
[−

1

8𝑎2√𝜋𝑎
𝑟𝑒−

𝑟
2𝑎 sin 𝜃 𝑒𝑖𝜙

𝑖

8𝑎2√𝜋𝑎
𝑒−

𝑟
2𝑎𝑒−𝑖𝜙

−
1

8𝑎2√𝜋𝑎
𝑟𝑒−

𝑟
2𝑎 sin 𝜃 𝑒−𝑖𝜙

𝑖

8𝑎2√𝜋𝑎
𝑒−

𝑟
2𝑎𝑒𝑖𝜙] 𝜙̂ = 

=
ℏ

64𝜋𝑚𝑎5
𝑟𝑒−

𝑟
2𝑎 sin 𝜃 𝜙̂ 

 

Answer:  𝐉 =
ℏ

64𝜋𝑚𝑎5
𝑟𝑒−

𝑟

2𝑎 sin 𝜃 𝜙̂ 
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