
Answer on Question #50746-Physics-Other 

Obtain the temperature distribution 𝑢(𝑥, 𝑡) in a laterally insulated rod of length' 𝐿' if both ends on the rod 

are kept at (0 degree Celsius) and the initial temperature distribution in the bar is: 𝑢(𝑥, 0) = 6 sin(
𝜋𝑥

𝐿
) 

Solution 

The boundary conditions: 

𝑢(0, 𝑡) = 𝑢(𝐿, 𝑡) = 0. 

The initial condition: 

𝑢(𝑥, 0) = 6 sin (
𝜋𝑥

𝐿
). 

𝑢 = 𝑋(𝑥)𝑇(𝑡). 

𝜕𝑢

𝜕𝑡
= 𝑐2

𝜕2𝑢

𝜕𝑥2
→

𝑇̇

𝑐2𝑇
=

𝑋′′

𝑋
= 𝑘. 

𝑋′′ − 𝑘𝑋 = 0. 

𝑇̇ − 𝑘𝑐2𝑇 = 0. 

case1: 𝑘 = 𝑚2 > 0. 

The general solution is: 

𝑋 = 𝐴𝑒𝑚𝑥 + 𝐵𝑒−𝑚𝑥. 

Applying the boundary conditions: 

𝐴 = 𝐵 = 0. 

case2: 𝑘 = 0. 

The general solution is: 

𝑋 = 𝐴𝑥 + 𝐵. 

Applying the boundary conditions: 

𝐴 = 𝐵 = 0. 

case3: 𝑘 = −𝑚2 < 0. 

The general solution is: 

𝑋 = 𝐴 sin 𝑚𝑥 + 𝐵 cos 𝑚𝑥. 

Applying the boundary conditions: 

𝑋(0) = 𝐵 = 0. 

𝑋(𝐿) = 𝐴 sin 𝑚𝐿 = 0 → 𝑚𝐿 = 𝑛𝜋 → 𝑚 =
𝑛𝜋

𝐿
. 

𝑋𝑛(𝑥) = sin (
𝑛𝜋𝑥

𝐿
) 



𝜆𝑛 =
𝑛𝑐𝜋

𝐿
. 

We have: 

𝑇̇ + (
𝑛𝑐𝜋

𝐿
)

2

𝑇 = 0. 

General solution is: 

𝑇𝑛 = 𝐴𝑛𝑒
−(

𝑛𝑐𝜋
𝐿

)
2

𝑡
. 

The solution is 

𝑢(𝑥, 𝑡) = ∑ 𝐴𝑛𝑒
−(

𝑛𝑐𝜋
𝐿

)
2

𝑡
sin (

𝑛𝜋𝑥

𝐿
) .

∞

𝑛=1

 

But 

𝑢(𝑥, 0) = ∑ 𝐴𝑛 sin (
𝑛𝜋𝑥

𝐿
) =

∞

𝑛=1

6 sin (
𝜋𝑥

𝐿
) → 𝐴𝑛 = 0 𝑓𝑜𝑟 𝑛 ≠ 1,   𝐴1 = 6.  

Answer: 𝒖(𝒙, 𝒕) = 𝟔𝒆
−(

𝒄𝝅

𝑳
)

𝟐
𝒕

𝐬𝐢𝐧 (
𝝅𝒙

𝑳
). 
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