A weight of mass M is attached to the bottom end of a suspended spring. Initially the weight is
supported with a board so that the spring is at its natural length. Next the board is gently lowered.
When the spring is extended distance D, the weight separates from the board and come to rest.
Let the total mechanical energy of the spring and weight be defined as U1 and for the state after
the weight separates from the board as U2. What is (U2-U1)? Why is the answer (1/2)mgd?
Solution:
For the initial level of the system we will
take the position of the board after the
weight hanging on a spring, k- spring
constant;
Mechanical energy in the first position:
𝐸𝑚1 = 𝑈1 = 𝐸𝑠𝑝𝑟𝑖𝑛𝑔1 + 𝐸weight1,

𝐸𝑠𝑝𝑟𝑖𝑛𝑔1 𝑎𝑛𝑑 𝐸weight1 − 𝑡ℎ𝑒 𝑝𝑜𝑡𝑒𝑛𝑡𝑖𝑎𝑙 𝑒𝑛𝑒𝑟𝑔𝑦 𝑜𝑓 𝑡ℎ𝑒 𝑠𝑝𝑟𝑖𝑛𝑔 𝑎𝑛𝑑 𝑡ℎ𝑒 weight
𝐸𝑠𝑝𝑟𝑖𝑛𝑔1 = 0 (𝑠𝑝𝑟𝑖𝑛𝑔 𝑖𝑛 𝑟𝑒𝑠𝑡𝑖𝑛𝑔 𝑝𝑜𝑠𝑖𝑡𝑖𝑜𝑛)
𝐸weight1 = 𝑚𝑔ℎ1 =>
𝑈1 = 𝑚𝑔ℎ1 (1)
Mechanical energy in the second position (weight at rest position):
𝐸𝑚2 = 𝑈2 = 𝐸𝑠𝑝𝑟𝑖𝑛𝑔2 + 𝐸weight2
𝐸𝑠𝑝𝑟𝑖𝑛𝑔2 𝑎𝑛𝑑 𝐸weight2 − 𝑡ℎ𝑒 𝑝𝑜𝑡𝑒𝑛𝑡𝑖𝑎𝑙 𝑒𝑛𝑒𝑟𝑔𝑦 𝑜𝑓 𝑡ℎ𝑒 𝑠𝑝𝑟𝑖𝑛𝑔 𝑎𝑛𝑑 𝑡ℎ𝑒 weight
𝐸𝑠𝑝𝑟𝑖𝑛𝑔2

𝑘𝐷2
=
(𝑠𝑝𝑟𝑖𝑛𝑔 𝑖𝑠 𝑠𝑡𝑟𝑒𝑡𝑐ℎ𝑒𝑑 𝑎 𝑑𝑖𝑠𝑡𝑎𝑛𝑐𝑒 𝐷)
2
𝐸weight2 = 𝑚𝑔ℎ2 =>
𝑘𝐷2
𝑈2 =
+ 𝑚𝑔ℎ2 (2)
2

Newton's second law for a weight when it broke away from the board (the spring is stretched on
length D):
⃗⃗⃗⃗⃗⃗⃗
𝐹𝑟𝑒𝑠 + 𝑚𝑔
⃗⃗⃗⃗⃗⃗ = ⃗0
𝑦: −𝐹𝑟𝑒𝑠 + 𝑚𝑔 = 0 (3)

Hooke's law:
𝐹𝑟𝑒𝑠 = 𝑘𝐷(4)
(4)𝑖𝑛 (3): 𝑚𝑔 = 𝑘𝐷
𝑘=

𝑚𝑔
(5)
𝐷

U2-U1:
(2) − (1): 𝑈2 − 𝑈1 =

𝑘𝐷2
+ 𝑚𝑔ℎ2 − 𝑚𝑔ℎ1 (6)
2

(5)𝑖𝑛 (6): 𝑈2 − 𝑈1 =
𝑈2 − 𝑈1 =

𝑚𝑔𝐷2
+ 𝑚𝑔(ℎ2 − ℎ1 )
2𝐷

𝑚𝑔𝐷
+ 𝑚𝑔(ℎ2 − ℎ1 )
2

ℎ1 − ℎ2 = 𝐷
𝑈2 − 𝑈1 =
Answer: 𝑈2 − 𝑈1 = −

𝑚𝑔𝐷
2

𝑚𝑔𝐷
𝑚𝑔𝐷
− 𝑚𝑔𝐷 = −
2
2

