
Answer on Question #85214 – Math – Linear Algebra 

Question 

 

1. a) Show that the eigenvalues of a Hermitian matrix are real.  
 

 

Solution 

Let 𝜆 be eigenvalue of a hermitian matrix𝐴. We have: 

𝐴𝑥 = 𝜆𝑥  

for some 𝑥 ≠ 0. 

Since 𝐴 is hermitian, 

⟨𝐴𝑢, 𝑣⟩ = ⟨𝑢, 𝐴𝑣⟩  (1) 

for all vectors 𝑢, 𝑣 . 

Then 

⟨𝐴𝑥, 𝑥⟩ = ⟨𝜆𝑥, 𝑥⟩ = 𝜆⟨𝑥, 𝑥⟩ , 

⟨𝑥, 𝐴𝑥⟩ = ⟨𝑥, 𝜆𝑥⟩ = �̅�⟨𝑥, 𝑥⟩ . 
From (1) we have then: 

𝜆⟨𝑥, 𝑥⟩ = �̅�⟨𝑥, 𝑥⟩  

Since 𝑥 ≠ 0, ⟨𝑥, 𝑥⟩ ≠ 0, from which 

𝜆 = �̅�, 

Re𝜆 + 𝑖Im𝜆 = Re𝜆 − 𝑖Im𝜆 , 

Im𝜆 = 0, 

which means 𝜆 is real. 
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