
Answer on Question #85176 – Math – Differential Equations 

Question 

 

  Expand the function 𝑓(𝑥) = 𝑃₃′(𝑥) in a series of the form: 

∑ 𝐴𝑘𝑃𝑘
∞
𝑘=0 (𝑥), 𝑤ℎ𝑒𝑟𝑒 𝑃3(𝑥) =

5𝑥³−3𝑥

2
 . 

The question is based on Legendre polynomials. 

Solution 

If 𝑃3(𝑥) =
5𝑥³−3𝑥

2
 , then 𝑓(𝑥) =

3(5𝑥2−1)

2
 . 

 We give the function 𝑓(𝑥) in a series of Legendre polynomials, when −1 ≤x≤ 1 : 

𝑓(𝑥) = ∑ 𝐴𝑘𝑃𝑘
∞
𝑘=0 (𝑥),  when 𝑃0 = 1, 𝑃1 = 𝑥, 𝑃2 =

3𝑥−1

2
, …, 𝑃𝑘=

1

2𝑘𝑘!
 
𝑑𝑘(𝑥2−1)𝑘

𝑑𝑥𝑘  – the Legendre 

polynomials, 𝐴𝑘=
2𝑘+1`

2
∫ 𝑓(𝑥)

1

−1
𝑃𝑘(𝑥)𝑑𝑥 − coefficients of the series . 

 In our case 𝐴𝑘 = 0, 𝑤ℎ𝑒𝑛 𝑘 = 2𝑚 + 1, 𝑚 = 0,1,2,3, …,because  𝑓(𝑥) =
3(5𝑥2−1)

2
 is an even 

function. 

 𝐴0=
1`

2
∫ (

3(5𝑥2−1)

2

1

−1
× 1)𝑑𝑥=∫ (

3(5𝑥2−1)

2

1

0
dx=(

5𝑥

2

3
−

3𝑥

2
)|0

1=1, 

𝐴2 = 5 ∫
3(5𝑥2−1)

2
×

3𝑥2−1

2

1

0
𝑑𝑥 = 

15

4
∫ (15𝑥41

0
− 5𝑥2 − 3𝑥2 + 1)𝑑𝑥 =

15

4
(3𝑥5 −

8𝑥3

3
 +x)|0

1=5, 

𝐴4 = 9 ∫
3(5𝑥2−1)

2
×

35𝑥4−30𝑥2+3

8

1

0
𝑑𝑥= 9(75

𝑥7

16
− 111

𝑥5

16
+ 15

𝑥3

16
+ 9

𝑥

16
)|0

1=- 
27

4
, 

…, 

𝐴2𝑘=
3(4𝑘+1)`

22𝑘+1(2𝑘)!
∫ (5𝑥2 − 1) ×

1

0

𝑑2𝑘(𝑥2−1)2𝑘

𝑑𝑥2𝑘
𝑑𝑥.  

Then 

3(5𝑥2−1)

2
=1+ 

5(3𝑥2−1)

2
 - 

27(35𝑥4−30𝑥2+3)

32
 +…=∑

3(4𝑘+1)`

24𝑘+1((2𝑘)!)2 × 
𝑑2𝑘(𝑥2−1)2𝑘

𝑑𝑥2𝑘 ∫ (5𝑥2 −
1

0
∞
2𝑘=0

1) ×
𝑑2𝑘(𝑥2−1)2𝑘

𝑑𝑥2𝑘
𝑑𝑥. 

Answer: 
3(5𝑥2−1)

2
=∑

3(4𝑘+1)`

24𝑘+1((2𝑘)!)2
×  

𝑑2𝑘(𝑥2−1)2𝑘

𝑑𝑥2𝑘 ∫ (5𝑥2 − 1) ×
1

0

𝑑2𝑘(𝑥2−1)2𝑘

𝑑𝑥2𝑘
𝑑𝑥∞

2𝑘=0 . 
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