ANSWER on Question #84506 — Math — Differential Equations

QUESTION
Show that
1)
2
2 X
2)

d
a(x ~]1(x)) =x-Jo(x)
where ], (x) is Bessel function.

( More information: https://en.wikipedia.org/wiki/Bessel function )

SOLUTION

2) To prove this formula, we will prove the general formulas:

2n
= . d
]n—l(x) +]n+1(x) X ]n(x) N - (xn ]n(x)) = x" ']n—l(x)
Jn-1(0) = Jn41(x) = 2+ Jn(x)

For this we use the generating function:

o)

e@(e-7) = PR

n=-—oo

( More information: https://en.wikipedia.org/wiki/Bessel function )
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2 FORMULA:

o)

e(%)(t‘%) = Z ¢ ] (x) -

n=-—oo

DD i) § (o) 4e-H- 5 o

n=—oo n=-—oo n=-—oo

(i t”']n(x)>-<t—%)=2- i £ ] (x) -

n=-—oo n=—oo

-(2)

[oe] (0]

Z e T () - z " Ju(x) =2 i t" - Jn(x)

n=-—oo n=-—oco n=-—oo
Since this is an equality of power series, the coefficients with the same t™ must be the same. To make it easier
to compare the coefficients, we will do the remapping

[ee]

ntl=ko Y 0= ) K ()=

n=—oo k=—o0
n—1l=m- i "t Jp(x) = i t"  Jmea (%) = i t" - Jnta ()
Then,
i " Jua () - i " Jua (1) = 2 i e JaCe) -

Un-100) = Jus1 (x) = 2+ J1 ()]




1 FORMULA:

1) - Z o) o
DD (1) > et (Y o) H(1+8) = Y oo -
> (io ("o o) + io n-2 -Jn(x)> = io nr=t 10| - (5)
io ) + i 2 () = io (Z) et gt

Since this is an equality of power series, the coefficients with the same t™ must be the same. To make it easier

to compare the coefficients, we will do the remapping:

n-t=mo )@= ) (0S ) )
n-l=m- Z t" 2. . (x) = Z tm () = z t" e Juoq ()
Then,
[ee] [oe] [oe] 2
D a0+ ) TS @ = Y (T @ -
2n
]n+1(x) +]n—1(x) = 7 ']n(x)
Conclusion,

Jn-1(x) = Jns1(x) = 2 - J5(x)
{]n—l(x) + Jnr1(x) = 2771 Jn (%)




We add and subtract the equation indicating system

-

Jnr @ = Jan () =210 (2a () = Sy + 2 30| ()
2 -
I () + Ja (8) = = Ja ()

241 (x) = 2771 Jn(x) =2 ]711(x)| ' (g)

{x Jn-1(x) =n- Jn(x) +x - Jr(x)
X Jppr1 () =n-Jp(x) —x - Jp(x)

The first equation of the resulting system is important for us.

X Jpo1 () =1 Jp(x) + x - Jp (0] - (x™ 1) -

n-x"1= i (x™)
X" g () =no a7 () + X Jp(x) - d -
Jn() = == (Ja(®)

d d d
X" Jaa(0) = = G - Jo () + 27— (Ju(3) = X" Jua () = 2= (6" - Ja ()

Conclusion,

c;l_x (x" -]n(x)) =x" " J,_1(x) — general formula

Forn = 1:

d | . d _
a(x J1(0) =xt - Jioq(x) - a(x J1(0) = x - Jo(x)




1) To prove this formula, we use the representation of the Bessel function as a power series:

oo

(_1)71 (x)2n+a

Ja(2) = LT+ DI +a+ 1D \2

( More information: https://en.wikipedia.org/wiki/Bessel function )

Then, fora = 1/2:

- (-1)" XA 2NH1/2 (-1)" o 24172
J12(0) = LT+ DI +1/2+1) (E) - LiT(n+ Dr(n+3/2) (E) -
172 - (-1)" o\ 2141/2
<(E) > P2t = LT+ DI +3/2) (E)

X\ 1/2 = (D" X\ 2n+1
(_) 12 () = L I'n+ DI'(n+3/2) (E) ”

2

Now we need to use several properties of the gamma function:

'z+1)=2z-T(2)
1 (2n)!
r(= =
(2 * ”) el
Tn+ 1D =n!, n=01234,..

( More information: https://en.wikipedia.org/wiki/Gamma_function )

o o) )=o) O B

(2n + 1)!
= J2n+1. g

Vr
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Then,

X 2n+1

\E Jip(x) = nz;) ! ((2(,:1)711)!\/;) (E) ~

=on:- 22n+1 .n!

e o (=1)" - nl. 22041 y2n+1 1 had (=1)" - x2n+1
b= e T T GO
n= n=

Conclusion,

f ( 1)n 2n+1
]1/2(x) J 4 (2n+1)'

As we know

o (_1)n . x2n+1

sin(x) = 2n+ D!

n=0

( More information: https://en.wikipedia.org/wiki/Taylor series )

Then,

ﬁ-} () = - sin(x)| -
5 12 =z

2
]1/2(95)—\E sin(x)

Commentary: The condition of this task contained a mistake, as it indicates the cosine.
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