
ANSWER on Question #84506 – Math – Differential Equations 

QUESTION 

Show that 

1) 

𝐽1
2

(𝑥) = √
2

𝜋𝑥
⋅ cos(𝑥) 

2) 

𝑑

𝑑𝑥
(𝑥 ⋅ 𝐽1(𝑥)) = 𝑥 ⋅ 𝐽0(𝑥) 

where 𝐽𝑥(𝑥) is Bessel function. 

( More information: https://en.wikipedia.org/wiki/Bessel_function )  

SOLUTION 

2) To prove this formula, we will prove the general formulas: 

 

{
𝐽𝑛−1(𝑥) + 𝐽𝑛+1(𝑥) =

2𝑛

𝑥
⋅ 𝐽𝑛(𝑥)

𝐽𝑛−1(𝑥) − 𝐽𝑛+1(𝑥) = 2 ⋅ 𝐽𝑛
′ (𝑥)

→
𝑑

𝑑𝑥
(𝑥𝑛 ⋅ 𝐽𝑛(𝑥)) = 𝑥𝑛 ⋅ 𝐽𝑛−1(𝑥) 

For this we use the generating function: 

𝑒(
𝑥
2

)(𝑡−
1
𝑡

) = ∑ 𝑡𝑛 ⋅ 𝐽𝑛(𝑥)

∞

𝑛=−∞

 

( More information: https://en.wikipedia.org/wiki/Bessel_function )  

 

 

 

 

 

https://en.wikipedia.org/wiki/Bessel_function
https://en.wikipedia.org/wiki/Bessel_function


2 FORMULA: 

𝑑

𝑑𝑥
|𝑒(

𝑥
2

)(𝑡−
1
𝑡

) = ∑ 𝑡𝑛 ⋅ 𝐽𝑛(𝑥)

∞

𝑛=−∞

→ 

𝑒(
𝑥
2

)(𝑡−
1
𝑡

) ⋅
1

2
(𝑡 −

1

𝑡
) = ∑ 𝑡𝑛 ⋅ 𝐽𝑛

′ (𝑥)

∞

𝑛=−∞

→ ( ∑ 𝑡𝑛 ⋅ 𝐽𝑛(𝑥)

∞

𝑛=−∞

) ⋅
1

2
(𝑡 −

1

𝑡
) = ∑ 𝑡𝑛 ⋅ 𝐽𝑛

′ (𝑥)

∞

𝑛=−∞

| ⋅ (2) 

( ∑ 𝑡𝑛 ⋅ 𝐽𝑛(𝑥)

∞

𝑛=−∞

) ⋅ (𝑡 −
1

𝑡
) = 2 ⋅ ∑ 𝑡𝑛 ⋅ 𝐽𝑛

′ (𝑥)

∞

𝑛=−∞

→ 

∑ 𝑡𝑛+1 ⋅ 𝐽𝑛(𝑥)

∞

𝑛=−∞

− ∑ 𝑡𝑛−1 ⋅ 𝐽𝑛(𝑥)

∞

𝑛=−∞

= 2 ⋅ ∑ 𝑡𝑛 ⋅ 𝐽𝑛
′ (𝑥)

∞

𝑛=−∞

 

Since this is an equality of power series, the coefficients with the same 𝑡𝑛 must be the same. To make it easier 

to compare the coefficients, we will do the remapping 

𝑛 + 1 = 𝑘 → ∑ 𝑡𝑛+1 ⋅ 𝐽𝑛(𝑥)

∞

𝑛=−∞

= ∑ 𝑡𝑘 ⋅ 𝐽𝑘−1(𝑥)

∞

𝑘=−∞

≡ 

𝑛 − 1 = 𝑚 → ∑ 𝑡𝑛−1 ⋅ 𝐽𝑛(𝑥)

∞

𝑛=−∞

= ∑ 𝑡𝑚 ⋅ 𝐽𝑚+1(𝑥)

∞

𝑚=−∞

≡ ∑ 𝑡𝑛 ⋅ 𝐽𝑛+1(𝑥)

∞

𝑛=−∞

 

Then, 

∑ 𝑡𝑛 ⋅ 𝐽𝑛−1(𝑥)

∞

𝑛=−∞

− ∑ 𝑡𝑛 ⋅ 𝐽𝑛+1(𝑥)

∞

𝑛=−∞

= 2 ⋅ ∑ 𝑡𝑛 ⋅ 𝐽𝑛
′ (𝑥)

∞

𝑛=−∞

→ 

𝐽𝑛−1(𝑥) − 𝐽𝑛+1(𝑥) = 2 ⋅ 𝐽𝑛
′ (𝑥)  

 

 

 

 

 

 

 



1 FORMULA: 

𝑑

𝑑𝑡
|𝑒(

𝑥
2

)(𝑡−
1
𝑡

) = ∑ 𝑡𝑛 ⋅ 𝐽𝑛(𝑥)

∞

𝑛=−∞

→ 

𝑒(
𝑥
2

)(𝑡−
1
𝑡

) ⋅
𝑥

2
(1 +

1

𝑡2
) = ∑ 𝑛𝑡𝑛−1 ⋅ 𝐽𝑛(𝑥)

∞

𝑛=−∞

→ ( ∑ 𝑡𝑛 ⋅ 𝐽𝑛(𝑥)

∞

𝑛=−∞

) ⋅
𝑥

2
(1 +

1

𝑡2
) = ∑ 𝑛𝑡𝑛−1 ⋅ 𝐽𝑛(𝑥)

∞

𝑛=−∞

→ 

𝑥

2
⋅ ( ∑ 𝑡𝑛 ⋅ 𝐽𝑛(𝑥)

∞

𝑛=−∞

+ ∑ 𝑡𝑛−2 ⋅ 𝐽𝑛(𝑥)

∞

𝑛=−∞

) = ∑ 𝑛𝑡𝑛−1 ⋅ 𝐽𝑛(𝑥)

∞

𝑛=−∞

| ⋅ (
2

𝑥
) 

∑ 𝑡𝑛 ⋅ 𝐽𝑛(𝑥)

∞

𝑛=−∞

+ ∑ 𝑡𝑛−2 ⋅ 𝐽𝑛(𝑥)

∞

𝑛=−∞

= ∑ (
2𝑛

𝑥
) 𝑡𝑛−1 ⋅ 𝐽𝑛(𝑥)

∞

𝑛=−∞

 

Since this is an equality of power series, the coefficients with the same 𝑡𝑛 must be the same. To make it easier 

to compare the coefficients, we will do the remapping: 

𝑛 − 1 = 𝑚 → ∑ 𝑡𝑛 ⋅ 𝐽𝑛(𝑥)

∞

𝑛=−∞

= ∑ 𝑡𝑚+1 ⋅ 𝐽𝑚+1(𝑥)

∞

𝑚=−∞

≡ ∑ 𝑡𝑛+1 ⋅ 𝐽𝑛+1(𝑥)

∞

𝑛=−∞

 

𝑛 − 1 = 𝑚 → ∑ 𝑡𝑛−2 ⋅ 𝐽𝑛(𝑥)

∞

𝑛=−∞

= ∑ 𝑡𝑚−1 ⋅ 𝐽𝑚−1(𝑥)

∞

𝑚=−∞

≡ ∑ 𝑡𝑛−1 ⋅ 𝐽𝑛−1(𝑥)

∞

𝑛=−∞

 

Then, 

∑ 𝑡𝑛+1 ⋅ 𝐽𝑛+1(𝑥)

∞

𝑛=−∞

+ ∑ 𝑡𝑛−1 ⋅ 𝐽𝑛−1(𝑥)

∞

𝑛=−∞

= ∑ (
2𝑛

𝑥
) 𝑡𝑛−1 ⋅ 𝐽𝑛(𝑥)

∞

𝑛=−∞

→ 

𝐽𝑛+1(𝑥) + 𝐽𝑛−1(𝑥) =
2𝑛

𝑥
⋅ 𝐽𝑛(𝑥)  

Conclusion, 

{
𝐽𝑛−1(𝑥) − 𝐽𝑛+1(𝑥) = 2 ⋅ 𝐽𝑛

′ (𝑥)

𝐽𝑛−1(𝑥) + 𝐽𝑛+1(𝑥) =
2𝑛

𝑥
⋅ 𝐽𝑛(𝑥)

 

 

 

 



We add and subtract the equation indicating system 

{
𝐽𝑛−1(𝑥) − 𝐽𝑛+1(𝑥) = 2 ⋅ 𝐽𝑛

′ (𝑥)

𝐽𝑛−1(𝑥) + 𝐽𝑛+1(𝑥) =
2𝑛

𝑥
⋅ 𝐽𝑛(𝑥)

→ {
2𝐽𝑛−1(𝑥) =

2𝑛

𝑥
⋅ 𝐽𝑛(𝑥) + 2 ⋅ 𝐽𝑛

′ (𝑥)| ⋅ (
𝑥

2
)

2𝐽𝑛+1(𝑥) =
2𝑛

𝑥
⋅ 𝐽𝑛(𝑥) − 2 ⋅ 𝐽𝑛

′ (𝑥)| ⋅ (
𝑥

2
)

→ 

{
𝑥 ⋅ 𝐽𝑛−1(𝑥) = 𝑛 ⋅ 𝐽𝑛(𝑥) + 𝑥 ⋅ 𝐽𝑛

′ (𝑥)

𝑥 ⋅ 𝐽𝑛+1(𝑥) = 𝑛 ⋅ 𝐽𝑛(𝑥) − 𝑥 ⋅ 𝐽𝑛
′ (𝑥)

 

The first equation of the resulting system is important for us. 

𝑥 ⋅ 𝐽𝑛−1(𝑥) = 𝑛 ⋅ 𝐽𝑛(𝑥) + 𝑥 ⋅ 𝐽𝑛
′ (𝑥)| ⋅ (𝑥𝑛−1) → 

𝑥𝑛 ⋅ 𝐽𝑛−1(𝑥) = 𝑛 ⋅ 𝑥𝑛−1 ⋅ 𝐽𝑛(𝑥) + 𝑥𝑛 ⋅ 𝐽𝑛
′ (𝑥) → [

𝑛 ⋅ 𝑥𝑛−1 ≡
𝑑

𝑑𝑥
(𝑥𝑛)

𝐽𝑛
′ (𝑥) ≡

𝑑

𝑑𝑥
(𝐽𝑛(𝑥))

] → 

𝑥𝑛 ⋅ 𝐽𝑛−1(𝑥) =
𝑑

𝑑𝑥
(𝑥𝑛) ⋅ 𝐽𝑛(𝑥) + 𝑥𝑛 ⋅

𝑑

𝑑𝑥
(𝐽𝑛(𝑥)) → 𝑥𝑛 ⋅ 𝐽𝑛−1(𝑥) =

𝑑

𝑑𝑥
(𝑥𝑛 ⋅ 𝐽𝑛(𝑥)) 

Conclusion, 

𝑑

𝑑𝑥
(𝑥𝑛 ⋅ 𝐽𝑛(𝑥)) = 𝑥𝑛 ⋅ 𝐽𝑛−1(𝑥) − 𝑔𝑒𝑛𝑒𝑟𝑎𝑙 𝑓𝑜𝑟𝑚𝑢𝑙𝑎  

For 𝑛 = 1: 

𝑑

𝑑𝑥
(𝑥1 ⋅ 𝐽1(𝑥)) = 𝑥1 ⋅ 𝐽1−1(𝑥) →

𝑑

𝑑𝑥
(𝑥 ⋅ 𝐽1(𝑥)) = 𝑥 ⋅ 𝐽0(𝑥)  

 

 

 

 

 

 

 

 



1) To prove this formula, we use the representation of the Bessel function as a power series: 

𝐽𝛼(𝑥) = ∑
(−1)𝑛

Γ(𝑛 + 1)Γ(𝑛 + 𝛼 + 1)
(

𝑥

2
)

2𝑛+𝛼
∞

𝑛=0

 

( More information: https://en.wikipedia.org/wiki/Bessel_function )  

Then, for 𝛼 = 1/2: 

𝐽1/2(𝑥) = ∑
(−1)𝑛

Γ(𝑛 + 1)Γ(𝑛 + 1/2 + 1)
(

𝑥

2
)

2𝑛+1/2
∞

𝑛=0

= ∑
(−1)𝑛

Γ(𝑛 + 1)Γ(𝑛 + 3/2)
(

𝑥

2
)

2𝑛+1/2
∞

𝑛=0

→ 

((
𝑥

2
)

1/2

) ⋅ |𝐽1/2(𝑥) = ∑
(−1)𝑛

Γ(𝑛 + 1)Γ(𝑛 + 3/2)
(

𝑥

2
)

2𝑛+1/2
∞

𝑛=0

→ 

(
𝑥

2
)

1/2

⋅ 𝐽1/2(𝑥) = ∑
(−1)𝑛

Γ(𝑛 + 1)Γ(𝑛 + 3/2)
(

𝑥

2
)

2𝑛+1
∞

𝑛=0

→ 

Now we need to use several properties of the gamma function: 

{

Γ(𝑧 + 1) = 𝑧 ⋅ Γ(𝑧)

Γ (
1

2
+ 𝑛) =

(2𝑛)!

4𝑛 ⋅ 𝑛!
√𝜋

Γ(𝑛 + 1) = 𝑛! ,   𝑛 = 0,1,2,3,4, …

 

( More information: https://en.wikipedia.org/wiki/Gamma_function ) 

Γ (𝑛 +
3

2
) = Γ ((

1

2
+ 𝑛) + 1) = (𝑛 +

1

2
) Γ (

1

2
+ 𝑛) =

2𝑛 + 1

2
⋅

(2𝑛)!

4𝑛 ⋅ 𝑛!
√𝜋 =

2𝑛 + 1

2
⋅

(2𝑛)!

(22)𝑛 ⋅ 𝑛!
√𝜋 = 

=
(2𝑛 + 1)!

22𝑛+1 ⋅ 𝑛!
√𝜋 

 

 

 

 

 

 

https://en.wikipedia.org/wiki/Bessel_function
https://en.wikipedia.org/wiki/Gamma_function


Then, 

√
𝑥

2
⋅ 𝐽1/2(𝑥) = ∑

(−1)𝑛

𝑛! ⋅ (
(2𝑛 + 1)!
22𝑛+1 ⋅ 𝑛! √𝜋)

(
𝑥

2
)

2𝑛+1
∞

𝑛=0

→ 

√
𝑥

2
⋅ 𝐽1/2(𝑥) = ∑

(−1)𝑛 ⋅ 𝑛! ⋅ 22𝑛+1

𝑛! ⋅ (2𝑛 + 1)! ⋅ √𝜋
⋅

𝑥2𝑛+1

22𝑛+1

∞

𝑛=0

=
1

√𝜋
∑

(−1)𝑛 ⋅ 𝑥2𝑛+1

(2𝑛 + 1)!

∞

𝑛=0

 

Conclusion, 

√
𝑥

2
⋅ 𝐽1/2(𝑥) =

1

√𝜋
∑

(−1)𝑛 ⋅ 𝑥2𝑛+1

(2𝑛 + 1)!

∞

𝑛=0

 

As we know 

sin(𝑥) = ∑
(−1)𝑛 ⋅ 𝑥2𝑛+1

(2𝑛 + 1)!

∞

𝑛=0

 

( More information: https://en.wikipedia.org/wiki/Taylor_series ) 

Then, 

√
𝑥

2
⋅ 𝐽1/2(𝑥) =

1

√𝜋
⋅ sin(𝑥)| ⋅ (√

2

𝑥
) → 

𝐽1/2(𝑥) = √
2

𝜋𝑥
⋅ sin(𝑥)  

Commentary: The condition of this task contained a mistake, as it indicates the cosine. 
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