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Question 

 

 

Using the method of residues, evaluate the following integral: 

∫
𝑑𝜃

3 + 2 cos(𝜃)

2𝜋

0

 

 

 

Solution 

Let 𝑧 = 𝑒𝑖𝜃 , 𝑑𝑧 = 𝑖𝑒𝑖𝜃𝑑𝜃, 𝑑𝜃 =
𝑑𝑧

𝑖𝑧
 , cos(𝜃) =

𝑒𝑖𝜃 + 𝑒−𝑖𝜃

2
=

𝑧 +
1
𝑧

2
 

The complex 𝑧 describes the unit circle 𝐶1 in the positive sense as 𝜃 varies from 0 

to  2𝜋. So, the integral becomes 

∫
𝑑𝜃

3 + 2 cos(𝜃)

2𝜋

0

= ∮

𝑑𝑧
𝑖𝑧

3 + 2(
𝑧 +

1
𝑧

2
)

  𝐶1(0)

= −𝑖 ∮
𝑑𝑥

3𝑧 + 𝑧2 + 1  𝐶1(0)

= 

 

= −𝑖(2𝜋𝑖) ∑ Rez(𝑧2 + 3𝑧 + 1, 𝑧𝑗)

𝑗

= 2𝜋 ∑ Rez(𝑧2 + 3𝑧 + 1, 𝑧𝑗)

𝑗

, 

where the sum of the residues extends over all the poles of 
1

𝑧2 + 3𝑧 + 1
 

inside the unit disk. 
𝑧2 + 3𝑧 + 1 = 0 

The roots are 

𝑧 =
−3 ± √32 − 4(1)(1)

2
=

−3 ± √5

2
 

𝑧1 =
−3 − √5

2
, 𝑧2 =

−3 + √5

2
. 

Only 𝑧2 =
−3 + √5

2
 is inside 𝐶1(0). 

Use the formula 

Rez𝑧=𝑧0

𝑔(𝑧)

ℎ(𝑧)
=

𝑔(𝑧0)

ℎ′(𝑧0)
 , where 𝑧0 is a simple zero of ℎ(𝑧) 

 

Rez(𝑧2 + 3𝑧 + 1, 𝑧2) =
1

2 (
−3 + √5

2 ) + 3

=
1

√5
 

Hence 



∫
𝑑𝜃

3+2 cos(𝜃)

2𝜋

0
=

2𝜋

√5
. 
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