
Answer on Question #84315 – Math – Differential Equations 

 

Question 

Using method of variation of parameters, solve the equation.  

d^2y/dx^2+y=Cosec x  

 

Solution 

We have the equation: y’’+y=cosec(x), or y’’+y=
1

sin⁡(𝑥)
. 

Solve the homogeneous equation: y’’+y=0. We solve its characteristic equation: k2+1=0, k1=i, k2=-

i. The general solution to the equation will be: y*=С1cos(x)+C2sin(x). 

We vary the parameters. y*=С1(х) cos(x)+C2(х) sin(x). 

We make the system of equations: 

С’1 (x)cos(x)+C2’(x)sin(x)=0, 

-C’1(x)sin(x)+C2’(x)cos(x)=
1

sin⁡(𝑥)
. 

From the first equation of the system we get the following: С’1 (x)cos(x)=- C2’(x)sin(x), С’1(x)=-

C2’(x)tan(x). Substitute С1’(x) in the second equation of the system. We get:  

С2’(x)tan(x)sin(x)+C2’(x)cos(x)=
1

sin⁡(𝑥)
. C2’(x)=

cos⁡(𝑥)

sin(𝑥)×((cos(𝑥))2−(sin(𝑥))2)
, or 

d(C2(x))=⁡
cos⁡(𝑥)𝑑𝑥

sin(𝑥)×((cos(𝑥))2−(sin(𝑥))2)
.  

We integrate the extreme expression. We get: ∫d(C2
′ (x))=∫

cos⁡(𝑥)𝑑𝑥

sin(𝑥)×((cos(𝑥))2−(sin(𝑥))2)
, or 

C2(x)=⁡∫
cos⁡(𝑥)𝑑𝑥

sin(𝑥)×((cos(𝑥))2−(sin(𝑥))2)
=|sin(x)=t, cos(x)dx=dt, (cos(𝑥))2 − (sin(𝑥))2=1- 2t2|= 

=∫
𝑑𝑡

𝑡(1−2𝑡2)
=|

𝐴

𝑡
+

𝐵𝑡+𝐶

1−2𝑡2
≡

1

𝑡(1−2𝑡2)
, B-2A=0, C=0, A=1, B=2|=∫

𝑑𝑡

𝑡
 + ∫

2𝑡𝑑𝑡

1−2𝑡2
=ln|t|-⁡

1

2
ln|1-2t2|+C2*= 

=ln|sin(x)|- 
1

2
ln|1-2(sin(x))2|+ C2. 

Further. We have С1’(x)=- C2’(x)tan(x)=⁡
−cos⁡(𝑥)

sin(𝑥)×((cos(𝑥))2−(sin(𝑥))2)
× 𝑡𝑎𝑛(𝑥) =

1

−((cos(𝑥))2−(sin(𝑥))2)
= 

=
−1

⁡cos⁡(2𝑥)
. Then, d(C1’(x))=

−𝑑𝑥

cos⁡(2𝑥)
. 

 ∫𝑑(𝐶1
′(𝑥))= - ∫

𝑑𝑥

cos⁡(2𝑥)
 ;  C1(x)=-∫

𝑑𝑥

cos⁡(2𝑥)
 =- 

1

2
 ln|tan(x+

𝜋

4
)|+C1. We get the general solution of the 

equation: y= С1(х) cos(x)+C2(х) sin(x) = - 
1

2
 × cos(𝑥) ×ln|tan(x+

𝜋

4
)|+C1cos(x)+sin(x)×

ln⁡|
sin(𝑥)

√(1−2(sin(𝑥))2)
|+C2sin(x). 

Answer: y=- 
1

2
 cos(𝑥)ln|tan(x+

𝜋

4
)|+C1cos(x)+sin(x)ln⁡|

sin(𝑥)

√(1−2(sin(𝑥))2)
|+C2sin(x). 
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