Let’s prove product formula using logarithms. Let f = uv and suppose u and v are
positive functions of x. Then

Inf=In(u-v)=lnu+hv.
Differentiating both sides:

ldf 1du 1dv
fdx_ud:c—i_vd;t

and so, multiplying the left side by f, and the right side by uv,

df  du dv
dr Ld;t: +ud:1:'

2). Suppose flz) = g(z)/h(z) where M(z) # 0 and g and h are differentiable.
glz+iz)  glz)

v flza+Ax)— flx) . hEssn)  hi)
f(z) = Jim Ax = Jim =

We pull out the 1/Az and combine the fractions in the numerator:

~ tim 1 (g(:t: + Az)h(x) — g(x)h(x + &I))

 Az—0 Ax h(z)h(z + Ax)

Adding and subtracting g(x)h(x)in the numerator:

Ar—0 My

o (g(a:mx)h(x)—g(:c)h(x}—g(sc)h(:wax)w(:c)h(:s)

h{z)h(x + Az)

We factor this and multiply the 1/Ax through the numerator:

(r+Hr)—glx) hlz+Ax)—hiz)

Az—0 h(z)h(z + Ax)

Now we move the limit through:

lim a0 (LEEAB=0E1) (2) — g(a) limas, o (HeEA=E))

h(x) limag o h(x + Ax)

By the definition of the derivative, the limits of difference quotients in the
numerator are derivatives. The limit in the denominator is h(x) because
differentiable functions are continuous. Thus we get:
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_ g(@)h(z) - g(x)H(x)
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