Answer on Question #83664 — Math — Calculus

Question

Find the maximum and minimum values of x*+y?+z2 subject to the conditions x+y+z=1 and
xyz+1=0 by using Lagrange's multiplier method

Solution

Let f(x,y,z) =x*+y?>+2z%,g(x,y,z2) =x+y+z—1=0,h(x,y,2z) =xyz+1=0.The
gradient vectors for f, g, h are:
Vf(x,y,z) = (2x,2y,2z), Vg(x,vy,z) = (1,1,1), Vh(x,y,z) = (yz,xz,xy).

According to Lagrange's multiplier method we find all values of x, y, z, A, u such that

VL(x,y,z) =Vf(x,y,z) + AVg(x,y,z) + uVh(x,y,z) =0,
9(x,y,2z) =0,
h(x,y,z) = 0.
Where A, u are the Lagrange’s multipliers.
So consider the system:
2x+ A+ puyz=0,
2y + A+ uxz =0,
2z+ A+ puxy =0,
x+y+z—1=0,

xyz+1=0.
Choose the equations:
A+ pyz = —2x,
A+ uxz = —-2y.
Find A, u, using Cramer’s rules:
I O ] I
A= |1 le =xz—yz=2z(x—y),
_|72x yz| _ 2 2, _ 2 _ .2
A= —2y xz| = 2x°z + 2y°z = —2z(x* — y*),
1 —2x
A= |1 2y = =2y +2x =2(x—Yy).

Consider two cases, when A= 0, and A# 0.
If A=0,s0z = 0orx —y = 0.But z = 0 don’t satisfy the equation xyz + 1 = 0. So we have
z#+ 0.
Consider whenx —y = 0, or x = y. So for the equationsx +y+z—1=0, xyz+ 1 =0we
have:

2y+z—1=0, z=1-2y,

y?z+1=0, y?>(1-2y)+1=0.

Solve the equation:



y2—=2y3+1=0,
y=y*+y*-1=0,
Vy-D+ @ -D@*+y+1)=0,
-DRy*+y+1) =0,
y=1lor2y?+y+1=0.

Sowe havey = x = 1, z = —1. Substitute these values in the equations
A+ wyz = —2x,
A+ uxy = —2z.
We find A, u:
A—u=-=2,
A+ u=2.
Sod=0,u=2.

So we have the first point M; = (1,1,—1)and 4; =0, puy = 2.
The equation 2y% + y + 1 = 0 does not have real roots (D < 0).
If A+ 0, we have:

Ay 2z(x% —y?)
A—K— —W— —2(x+y),

Aﬂ_Z(x—y)_Z

A z(x—-y) z

Substitute A = —=2(x + y),u = ; in the third equation 1+ uxy = —2z:

—2(x+y)+ Exy == -2z,

1
z—x—y+;xy=0.
Use the equations:
x+y+z—1=0, x+y=1-2,
xyz+1=0, xyz—l.

z
So write the equationz —x —y + ixy =0:
1

2z — P 1=0,
We know z # 0, so we have

2z3 — 72 —-1=0,

(z—1)(z2+z+1) =0,
z=1orz?+ z+ 1 = 0 (has not real roots).

Substitute z = 1 in the equationsx +y =1 — 2z,

x+y=1-z
1
Xy = —;.
We have
x+y=0,
xy = —1.

We have the solution: x = =1,y =1landx=1,y=—-1.And 1 =0,u = 2.
So we have the points M, = (—=1,1,1), M; = (1,—1,1) andand A, =13 =0, y, = uz = 2.
For each point f(M;) = f(M;) = f( M3) = 3. Define if this value is maximum or minimum
value. Write



L(x,y,z) = f(x,y,2) + 1g(x,y,2) + ph(x,y, 2)
L(x,y,2) =x>+y?>+ 22+ A(x +y+z—1) + u(xyz + 1).

Then find the matrix:
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So our matrix is:
0O 0 1 1 1

0 0 yz xz xy
1 yz 2 iz Wy
1 x2 wm 2 x
1 xy wy mx 2

For the point M; = (1,1,—1) and A; = 0, u; = 2 this matrix is:

0 0 1 1 1
0 0 -1 -11
A=1 -1 2 -2 2
1 -1 -2 2
1 1 2 2 2

If the signs of the corner minors Hyp 41, Hymy2, - Hpyn  Of the matrix A equal the signs of
(=1)™, then the stationary point is minima of the objective function. If the signs of the corner
minors Hypiq, Homeo, . Hyn Of the matrix A interchange, besides the sign of H,,, 41 equals
the sign of (—1)™*1, then the stationary point is maxima of the objective function. Here m is
the number of the conditions and n is the number of the variables. In ourcasem = 2,n = 3. So
we define the sign Hypp 1, = Hypyn = Hs = det A.



00 1 1 1 00 1 1 1
0 0 -1 -1 1 0 0 -1 -1 1
detA=l1 -1 2 -2 2=R,>R,-R,,R. >R, —R,=[1 -1 2 -2 2=
1 -1 -2 2 2 0 0 -4 4 0
11 2 2 2 02 0 4 0
1 -1 2 -2 2 1 -1 2 -2 2
02 0 4 0 02 0 4 0
0 0 1 1 1=R, >R, +4R,,R; >R +R,=[0 0 1 1 1/=1.2.1.8-2=32>0
0 0 -4 4 0 00 0 8 4
00 -1 -11 00 0 0 2

The sign Hg > 0, and the sign (—1)? > 0, so for M; = (1,1, —1) the function f(x,y, z) has
minimum value f(1,1,—1) = 3.

Thus, we have that the minimum value of f is 3. According to the given conditions the function
f does not have the maximum value.

Answer: the minimum value of f is 3; the maximum value of f does not exist.
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