
 

Answer on Question #83328 – Math – Differential Equations 
 

Question 
 

Find a power series solution in powers of x. Show the details. 
 

𝑦" + 𝑦′ + 𝑦𝑥2 = 0 
 
 

Solution 
 

𝑦(𝑥) = ∑ 𝑎𝑛𝑥𝑛

∞

𝑛=0

 

 

𝑦′(𝑥) = ∑ 𝑛𝑎𝑛𝑥𝑛−1

∞

𝑛=1

 

 

𝑦′′(𝑥) = ∑ 𝑛(𝑛 − 1)𝑎𝑛𝑥𝑛−2

∞

𝑛=2

 

 
Substitute into the equation: 
 

∑ 𝑛(𝑛 − 1)𝑎𝑛𝑥𝑛−2

∞

𝑛=2

+ ∑ 𝑛𝑎𝑛𝑥𝑛−1

∞

𝑛=1

+ 𝑥2 ∑ 𝑎𝑛𝑥𝑛

∞

𝑛=0

= 0 

 
𝑛 = 0  ⇒   𝑎0 = 0 

 

∑ 𝑛(𝑛 − 1)𝑎𝑛𝑥𝑛−2

∞

𝑛=2

+ ∑ 𝑛𝑎𝑛𝑥𝑛−1

∞

𝑛=1

+ ∑ 𝑎𝑛𝑥𝑛+2

∞

𝑛=0

= 0 

 

∑(𝑛 + 2)(𝑛 + 1)𝑎𝑛+2𝑥𝑛

∞

𝑛=0

+ ∑(𝑛 + 1)𝑎𝑛+1𝑥𝑛

∞

𝑛=0

+ ∑ 𝑎𝑛−2𝑥𝑛

∞

𝑛=2

= 0 

 
2𝑎2 + 𝑎1 = 0  𝑓𝑜𝑟 𝑛 = 0 

 
6𝑎3𝑥 + 2𝑎2𝑥 = 0 𝑓𝑜𝑟 𝑛 = 1 

 



 

4𝑎2 + 𝑎1 + 6𝑎3 + ∑[(𝑛 + 2)(𝑛 + 1)𝑎𝑛+2 + (𝑛 + 1)𝑎𝑛+1 + 𝑎𝑛−2]𝑥𝑛

∞

𝑛=2

= 0 

 
𝑛 = 2,3,4, …  ⇒ (𝑛 + 2)(𝑛 + 1)𝑎𝑛+2 + (𝑛 + 1)𝑎𝑛+1 + 𝑎𝑛−2 = 0  

 
Thus, we have 
 

𝑎2 = −
𝑎1

2
 

 

𝑎3 = −
𝑎2

3
=

𝑎1

6
 

 
For 𝑛 = 2: 
 

4 ∙ 3𝑎4 + 3𝑎3 = 0  ⇒  𝑎4 = −
𝑎3

4
= −

𝑎1

24
 

 
For 𝑛 = 3: 
 

5 ∙ 4𝑎5 + 4𝑎4 + 𝑎1 = 0  ⇒  𝑎5 = −
4𝑎4 + 𝑎1

20
= −

𝑎1

24
 

 
For 𝑛 = 4: 
 

6 ∙ 5𝑎6 + 5𝑎5 + 𝑎2 = 0  ⇒  𝑎6 = −
5𝑎5 + 𝑎2

30
= −

−
5𝑎1

24 −
𝑎1

2
30

=
17𝑎1

24 ∙ 30
 

 
For 𝑛 = 5: 
 

7 ∙ 6𝑎7 + 6𝑎6 + 𝑎3 = 0  ⇒  𝑎7 = −
6𝑎6 + 𝑎3

42
= −

17𝑎1

4 ∙ 30 +
𝑎1

6
42

= −
37𝑎1

120 ∙ 42
 

 
For 𝑛 = 6: 
 

8 ∙ 7𝑎8 + 7𝑎7 + 𝑎4 = 0  ⇒  𝑎8 = −
7𝑎7 + 𝑎4

56
= −

−
37𝑎1

120 ∙ 6 +
17𝑎1

24 ∙ 30
56

=
20𝑎1

56 ∙ 720
 

 
Answer: 

𝑦 = 𝑎1 (𝑥 −
𝑥2

2
+

𝑥3

6
−

𝑥4

24
−

𝑥5

24
+

17𝑥6

720
−

37𝑥7

5040
+

𝑥8

2016
+ ⋯ ) 
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