
ANSWER on Question #82560 – Math – Linear Algebra 

QUESTION 

Let 

𝑃(𝑒) = {𝑝(𝑥) ∈ 𝑹[𝑥]|𝑝(𝑥) = 𝑝(−𝑥)} 

Find 𝑊 = 𝑃(𝑒)⋂𝑃3. Find a basis for 𝑊 and find the dimension of 𝑊. 

SOLUTION 

𝑃3 consists of all polynomials of degree 3, i.e. of all polynomials like 

𝑝(𝑥) = 𝑎𝑥3 + 𝑏𝑥2 + 𝑐𝑥 + 𝑑 

Since 𝑝(𝑥) ∈ 𝑊 → {
𝑝(𝑥) ∈ 𝑃3

𝑝(𝑥) ∈ 𝑃(𝑒). Then, 

𝑝(𝑥) ∈ 𝑃(𝑒) → 𝑝(𝑥) = 𝑝(−𝑥) → 

𝑎𝑥3 + 𝑏𝑥2 + 𝑐𝑥 + 𝑑 = 𝑎 ⋅ (−𝑥)3 + 𝑏 ⋅ (−𝑥)2 + 𝑐 ⋅ (−𝑥) + 𝑑 → 

𝑎𝑥3 + 𝑏𝑥2 + 𝑐𝑥 + 𝑑 = −𝑎𝑥3 + 𝑏𝑥2 − 𝑐𝑥 + 𝑑 → 

𝑎𝑥3 + 𝑏𝑥2 + 𝑐𝑥 + 𝑑 + 𝑎𝑥3 − 𝑏𝑥2 + 𝑐𝑥 − 𝑑 = 0 → 

2𝑎𝑥3 + 2𝑐𝑥 = 0 → {
2𝑎 = 0
2𝑐 = 0

→ {
𝑎 = 0
𝑐 = 0

 

Conclusion, 

𝑊 = {𝑝(𝑥) = 𝑏 ⋅ 𝑥2 + 𝑑 ⋅ 1,   ∀𝑏, 𝑑 ∈ ℝ}  

𝐴 𝑏𝑎𝑠𝑖𝑠 𝑓𝑜𝑟 𝑊 𝑖𝑠 {1, 𝑥2}  

Indeed, these two elements are linearly independent since 

𝑎 ⋅ 1 + 𝑏 ⋅ 𝑥2 = 0   𝑓𝑜𝑟 𝑎𝑙𝑙 𝑥 ∈ ℝ → {
𝑎 = 0
𝑏 = 0

 

And all elements of 𝑊 are linear combinations of 1 and 𝑥2. 

Hence, the dimension of 𝑊 is dim(𝑊) = 2 .  
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