
Answer on Question #82430 – Math – Differential Equations 

Question 

 

solve d^2u/dx^2 +d^2u/dy^2 = 0 which satisfies u (0,y) = u (l,y) = u (x, 0) =0 & u(x,a)= sin nπx/L 

 

Solution 

DE 

𝜕2𝑢

𝜕𝑥2
+

𝜕2𝑢

𝜕𝑦2
= 0; 

Boundary conditions 

𝑢(0, 𝑦) = 𝑢(𝐿, 𝑦) = 𝑢(𝑥, 0) = 0;   𝑢(𝑥, 𝐿) = sin
𝑛𝜋𝑥

𝐿
. 

This is Laplace’s equation, which one can solve by the separation of variables. 

Denote 

𝑢(𝑥, 𝑦) = 𝑋(𝑥)𝑌(𝑦). 

Then 

𝜕2(𝑋𝑌)

𝜕𝑥2
+

𝜕2(𝑋𝑌)

𝜕𝑦2
= 0; 

𝑌
𝜕2𝑋

𝜕𝑥2
+ 𝑋

𝜕2𝑌

𝜕𝑦2
= 0; 

Divide by 𝑋𝑌 to get 

1

𝑋

𝜕2𝑋

𝜕𝑥2
+

1

𝑌

𝜕2𝑌

𝜕𝑦2
= 0; 

We can see that these two parts are functions of only 𝑥 and only 𝑦. Because of (𝑥, 𝑦) are independent 

variables, the first term must be a constant, and the second term must be a constant. We call them −𝑘2 

and +𝑘2 (their sum must be null). 

The new equations are 

1

𝑋

𝜕2𝑋

𝜕𝑥2
= −𝑘2;             𝑎𝑛𝑑            

1

𝑌

𝜕2𝑌

𝜕𝑦2
= 𝑘2.  

a) Solution for 𝑋: 

𝜕2𝑋

𝜕𝑥2
= −𝑘2𝑋; 

𝑋′′ + 𝑘2𝑋 = 0. 

Solution is 

𝑋(𝑥) = 𝐴 sin 𝑘𝑥 + 𝐵 cos 𝑘𝑥. 



Boundary conditions: 𝑋(0) = 0;   𝑋(𝐿) = 0. 

{
𝐴 sin 𝑘 ∙ 0 + 𝐵 cos 𝑘 ∙ 0 = 0;

𝐴 sin 𝑘𝐿 + 𝐵 cos 𝑘𝑙 = 0;
    ⇒        {

𝐵 = 0;
𝑘𝐿 = 𝑛𝜋, 𝑛 ∈ 𝑍.

 

𝑢(𝑥, 𝐿) = sin
𝑛𝜋𝑥

𝐿
  ⇒   𝐴 = 1. 

𝑋𝑛(𝑥) = sin
𝑛𝜋

𝐿
𝑥. 

b) Solution for 𝑌: 

𝜕2𝑌

𝜕𝑦2
= 𝑘2𝑌; 

𝑌′′ − 𝑘2𝑌 = 0. 
Solution is  

𝑌(𝑦) = 𝐶𝑒−𝑘𝑦 + 𝐷𝑒𝑘𝑦. 

Boundary conditions: 𝑌(0) = 0; 𝑌(𝐿) = 1. 

0 = 𝐶 + 𝐷  ⇒   𝐶 = −𝐷; 

𝑌(𝑦) = 𝐶(𝑒−𝑘𝑦 − 𝑒𝑘𝑦) = 𝐶1 sinh 𝑘𝑦 ;    𝑤ℎ𝑒𝑟𝑒   𝐶1 = 2𝐶. 

1 = 𝐶1 sinh 𝑘𝐿 ;   ⇒   𝐶1𝑛 =
1

sinh 𝑘𝐿
=

1

sinh 𝑛𝜋
. 

𝑌𝑛(𝑦) =
1

sinh 𝑛𝜋
sinh

𝑛𝜋

𝐿
𝑦. 

 

So we can write the general solution. It must be combination of all solutions for 𝑋(𝑥) and 𝑌(𝑦): 

𝑢(𝑥, 𝑦) = ∑
1

sinh 𝑛𝜋
sin (

𝑛𝜋

𝐿
𝑥) sinh (

𝑛𝜋

𝐿
𝑦)

∞

𝑛=1

. 
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