
Answer on Question #82407 – Math – Abstract Algebra 

Question 

I Let G be a group, 𝐻⍙𝐺 and 𝛽 ≤  𝐺/𝐻 . Let 𝐴 =  {𝑥 ∈ 𝐺 | 𝐻𝑥 ∈ 𝛽} . Show that  

i) 𝐴 ≤  𝐺   

ii) 𝐻⍙𝐴  

iii) 𝛽 =  𝐴/𝐻 

Solution 

Let f be homomorphism 𝐺 → 𝐺/𝐻.  

i) 𝐴 = {𝑥, 𝑓(𝑥) ∈  𝛽} so 𝐴 = 𝑓−1(𝛽), so A is subgroup of G, because preimage of a 

subgroup is a subgroup. 

ii) 𝐻 = 𝑓−1(0), so 𝐻 ≤ 𝐴, and H is normal in G, so ∀ℎ ∈ 𝐻 𝑎𝑛𝑑 ∀𝑔 ∈ 𝐺 ⇒ 𝑔ℎ𝑔−1 ∈ 𝐻, so, 

even more so ∀ℎ ∈ 𝐻 𝑎𝑛𝑑 ∀𝑎 ∈ 𝐴 ⇒ 𝑎ℎ𝑎−1 ∈ 𝐻, so 𝐻 is normal in A: 𝐻 ⊴ 𝐴. 

iii) Let 𝐻𝑎 ∈ 𝐴/𝐻, so 𝑎 ∈ 𝐴, so 𝐻𝑎 ∈ 𝛽 (by definition), so 𝐴/𝐻 ⊆ 𝛽. 

And vice versa, 𝐻𝑏 ∈ 𝛽 ⟹ 𝑏 ∈ 𝐴 ⟹ 𝐻𝑏 ∈ 𝐴/𝐻 ⟹ 𝛽 ⊆ 𝐴/𝐻 

So 𝐴/𝐻 ⊆ 𝛽 and 𝛽 ⊆ 𝐴/𝐻 ⟹ 𝛽 = 𝐴/𝐻. 
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