Answer to Question #82335, Math / Real Analysis

Question
(1) For a, b belongs to R
()—(-a) =a
(i)—1(a) = —a
(iii) =(a + b) = (—a) + (—b)
(iv) —=(a)(=b) = ab
(2) Find real number x such that |[x + 1| + |x + 2| < 7

Solution
(1) Given: a,b eR
(i) Since - a is additive inverse of a it satisfies —a + a = a + (—a) = 0.Thatisais an
additive inverse of —a.
Since —(-a) is additive inverse of - a it satisfies
—a+ (-(-a)) =—(-a) + (—a) = 0.
As we know that additive inverse is unique, we get a = —(—a)
Hence, proved
(ii) To prove for every aeR the additive inverse of a is the product of additive inverse of 1
and a, it is sufficient to prove that (—1)a+a=a+ (-1)a=10

We will show the second equality holds

a+(—DDa=1-a+(-1)-a by multiplicative identity
=1+(-1)-a by distributivity
=0-a by additive inverse
=0 foreveryaeR,0-ra=a-0=0
So both equalities hold and as (—1)a and - a are both additive inverse of a, —1(a) = —a

Hence, proved



(iii)  Since - (a + b) is an additive inverse of a + b. We have - (a + b) + (a + b) =
(a+b)+—-(a+b)
We also have
(a+b)+ ((—a) + (= b)) = ((—a) + (=b)) + (a + b) by commutativity of addition
=(—a)+((=b)+a)+b by associativity of addition
=(—a)+(a+(-b)+b by commutativity of addition
= ((—a) + a) + ((=b) + b) by associativity of addition
=0+0 by additive inverse of aand b
=0 by additive identity
Hence, (—a) + (—b) is also additive inverse of a + b.
By uniqueness of additive inverse we get —(a + b) = (—a) + (—b)
Hence, proved

(iv)

(—a)(=b) = (=1())(—1(b)) —1(a) = —a
= (—D(@)(-1)(b) by commutativity of multiplication
= (-D(-D(a)(b) by associativity of multiplication
= (a)(b) DD =1

Hence, proved
2) |x+1]+[x—2| <7
Here we have two check points -1 and 2.
Consider below three cases
Case (i): If x < —1then|x+ 1| + |x — 2| expandsas —x — 1 —x + 2 < 7 givesx > —3
Hence, weget -3 <x < -1
Case (ii): If -1 <x < 2then|x+ 1|+ |x — 2| expandsasx+1—x+2 < 7gives3 <7
which is true for allxeR. Hence, for —1 < x < 2 given inequality holds true.
Case (iii): If x = 2then|x + 1| + |x — 2| expandsasx + 1+ x — 2 < 7 gives x < 4

Hence, weget2 < x < 4



combine all three ranges we get

(3<x<-1Dor(-1<x<2andtrueVxeR)or (2<x<4)
Thatis—3<x <4

Hence, —3 < x < 4 or xe(—3,4)
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