
ANSWER on Question #82285 – Math – Differential Equations 

QUESTION 

Find a power series solution of the initial-value problem. 

(𝑥2 + 1)𝑦′′(𝑥) + 𝑥𝑦′(𝑥) + 𝑥𝑦(𝑥) = 0,   𝑦(0) = 3,   𝑦′(0) = −1 

SOLUTION 

Let 

𝑦(𝑥) = ∑𝑎𝑛𝑥
𝑛

+∞

𝑛=0

= 𝑎0 + 𝑎1𝑥 + 𝑎2𝑥
2 + 𝑎3𝑥

3 +⋯ 

𝑦(0) = 3 = 𝑎0 + 𝑎1 ⋅ 0 + 𝑎2 ⋅ 0
2 + 𝑎3 ⋅ 0

3 +⋯ → 𝑎0 = 3  

𝑦′(0) = −1 = 𝑎1 + 2 ⋅ 𝑎2 ⋅ 0 + 3 ⋅ 𝑎3 ⋅ 0
2 +⋯ → 𝑎1 = −1  

Then, 

𝑦(𝑥) = ∑𝑎𝑛𝑥
𝑛

+∞

𝑛=0

→ 𝑦′(𝑥) = ∑𝑎𝑛 ⋅ 𝑛 ⋅ 𝑥
𝑛−1

+∞

𝑛=0

≡∑𝑎𝑛 ⋅ 𝑛 ⋅ 𝑥
𝑛−1

+∞

𝑛=1

= [
𝑛 − 1 = 𝑘
𝑛 = 𝑘 + 1

𝑛 = 1 → 𝑘 = 0
] → 

𝑦′(𝑥) = ∑𝑎(𝑘+1) ⋅ (𝑘 + 1) ⋅ 𝑥
𝑘

+∞

𝑘=0

→ 𝑦′(𝑥) = ∑𝑎(𝑛+1) ⋅ (𝑛 + 1) ⋅ 𝑥
𝑛

+∞

𝑛=0

 

𝑦′(𝑥) = ∑𝑎(𝑛+1) ⋅ (𝑛 + 1) ⋅ 𝑥
𝑛

+∞

𝑛=0

→ 𝑦′′(𝑥) = ∑𝑎(𝑛+1) ⋅ (𝑛 + 1) ⋅ 𝑛 ⋅ 𝑥
𝑛−1

+∞

𝑛=0

≡ 

≡ ∑𝑎(𝑛+1) ⋅ (𝑛 + 1) ⋅ 𝑛 ⋅ 𝑥
𝑛−1

+∞

𝑛=1

= [
𝑛 − 1 = 𝑘
𝑛 = 𝑘 + 1

𝑛 = 1 → 𝑘 = 0
] = ∑𝑎(𝑘+2) ⋅ (𝑘 + 2)(𝑘 + 1) ⋅ 𝑥

𝑘

+∞

𝑘=0

→ 

𝑦′′(𝑥) = ∑𝑎(𝑘+2) ⋅ (𝑘 + 2)(𝑘 + 1) ⋅ 𝑥
𝑘

+∞

𝑘=0

→ 𝑦′′(𝑥) = ∑𝑎(𝑛+2) ⋅ (𝑛 + 2)(𝑛 + 1) ⋅ 𝑥
𝑛

+∞

𝑛=0

 

 

 

 



Substitute all the found series in the original equation. 

(𝑥2 + 1)𝑦′′(𝑥) + 𝑥𝑦′(𝑥) + 𝑥𝑦(𝑥) = 0 → 

(𝑥2 + 1) ⋅∑ 𝑎(𝑛+2) ⋅ (𝑛 + 2)(𝑛 + 1) ⋅ 𝑥
𝑛

+∞

𝑛=0

+ 𝑥 ⋅∑𝑎(𝑛+1) ⋅ (𝑛 + 1) ⋅ 𝑥
𝑛

+∞

𝑛=0

+ 𝑥 ⋅∑𝑎𝑛𝑥
𝑛

+∞

𝑛=0

= 0 → 

∑𝑎(𝑛+2) ⋅ (𝑛 + 2)(𝑛 + 1) ⋅ 𝑥
𝑛+2

+∞

𝑛=0

+∑𝑎(𝑛+2) ⋅ (𝑛 + 2)(𝑛 + 1) ⋅ 𝑥
𝑛

+∞

𝑛=0

+ 

+∑𝑎(𝑛+1) ⋅ (𝑛 + 1) ⋅ 𝑥
𝑛+1

+∞

𝑛=0

+∑𝑎𝑛𝑥
𝑛+1

+∞

𝑛=0

= 0 

In these series are different degrees of 𝑥. Let us make sure that all ranks have the same degrees. 

∑𝑎(𝑛+2) ⋅ (𝑛 + 2)(𝑛 + 1) ⋅ 𝑥
𝑛+2

+∞

𝑛=0

= [
𝑛 + 2 = 𝑘
𝑛 = 𝑘 − 2

𝑛 = 2 → 𝑘 = 2
] =∑𝑎𝑘 ⋅ 𝑘(𝑘 − 1) ⋅ 𝑥

𝑘

+∞

𝑘=2

→ 

∑𝑎(𝑛+2) ⋅ (𝑛 + 2)(𝑛 + 1) ⋅ 𝑥
𝑛+2

+∞

𝑛=0

=∑𝑎𝑘 ⋅ 𝑘(𝑘 − 1) ⋅ 𝑥
𝑘

+∞

𝑘=2

 

∑𝑎(𝑛+2) ⋅ (𝑛 + 2)(𝑛 + 1) ⋅ 𝑥
𝑛

+∞

𝑛=0

= 𝑎(0+2) ⋅ (0 + 2)(0 + 1) ⋅ 𝑥
0 + 𝑎(1+2) ⋅ (1 + 2)(1 + 1) ⋅ 𝑥

1 + 

+∑𝑎(𝑘+2) ⋅ (𝑘 + 2)(𝑘 + 1) ⋅ 𝑥
𝑘

+∞

𝑘=2

= 2𝑎2 + 6𝑎3𝑥 +∑𝑎(𝑘+2) ⋅ (𝑘 + 2)(𝑘 + 1) ⋅ 𝑥
𝑘

+∞

𝑘=2

→ 

∑𝑎(𝑛+2) ⋅ (𝑛 + 2)(𝑛 + 1) ⋅ 𝑥
𝑛

+∞

𝑛=0

= 2𝑎2 + 6𝑎3𝑥 +∑𝑎(𝑘+2) ⋅ (𝑘 + 2)(𝑘 + 1) ⋅ 𝑥
𝑘

+∞

𝑘=2

 

∑𝑎(𝑛+1) ⋅ (𝑛 + 1) ⋅ 𝑥
𝑛+1

+∞

𝑛=0

= [
𝑛 + 1 = 𝑚
𝑛 = 𝑚 − 1

𝑛 = 0 → 𝑚 = 1
] = ∑ 𝑎𝑚 ⋅ 𝑚 ⋅ 𝑥𝑚

+∞

𝑚=1

= 𝑎1𝑥 + ∑ 𝑎𝑚 ⋅ 𝑚 ⋅ 𝑥𝑚
+∞

𝑚=2

→ 

∑𝑎(𝑛+1) ⋅ (𝑛 + 1) ⋅ 𝑥
𝑛+1

+∞

𝑛=0

= 𝑎1𝑥 +∑𝑎𝑘 ⋅ 𝑘 ⋅ 𝑥
𝑘

+∞

𝑘=2

 

∑𝑎𝑛𝑥
𝑛+1

+∞

𝑛=0

= [
𝑛 + 1 = 𝑚
𝑛 = 𝑚 − 1

𝑛 = 0 → 𝑚 = 1
] = ∑ 𝑎(𝑚−1)𝑥

𝑚

+∞

𝑚=1

= 𝑎(1−1)𝑥 + ∑ 𝑎(𝑚−1)𝑥
𝑚

+∞

𝑚=2

→ 



∑𝑎𝑛𝑥
𝑛+1

+∞

𝑛=0

= 𝑎0𝑥 +∑𝑎(𝑘−1)𝑥
𝑘

+∞

𝑘=2

 

Our equation takes the form 

∑𝑎𝑘 ⋅ 𝑘(𝑘 − 1) ⋅ 𝑥
𝑘

+∞

𝑘=2

+ 2𝑎2 + 6𝑎3𝑥 +∑𝑎(𝑘+2) ⋅ (𝑘 + 2)(𝑘 + 1) ⋅ 𝑥
𝑘

+∞

𝑘=2

+ 

+𝑎1𝑥 +∑𝑎𝑘 ⋅ 𝑘 ⋅ 𝑥
𝑘

+∞

𝑘=2

+ 𝑎0𝑥 +∑𝑎(𝑘−1)𝑥
𝑘

+∞

𝑘=2

= 0 → 

2𝑎2 + (6𝑎3 + 𝑎1 + 𝑎0)𝑥 +∑[𝑘(𝑘 − 1)𝑎𝑘 + 𝑘𝑎𝑘 + 𝑎(𝑘−1) + (𝑘 + 2)(𝑘 + 1)𝑎(𝑘+2)]𝑥
𝑘

+∞

𝑘=2

= 0 → 

{

2𝑎2 = 0
6𝑎3 + 𝑎1 + 𝑎0 = 0

𝑘(𝑘 − 1)𝑎𝑘 + 𝑘𝑎𝑘 + 𝑎(𝑘−1) + (𝑘 + 2)(𝑘 + 1)𝑎(𝑘+2) = 0,   ∀𝑘 ≥ 2
→ 

{
 
 
 

 
 
 

𝑎0 = 3
𝑎1 = −1
𝑎2 = 0

6𝑎3 + 3 − 1 = 0 → 𝑎3 = −
1

3

𝑎(𝑘+2) = −
𝑘2𝑎𝑘 + 𝑎(𝑘−1)
(𝑘 + 1)(𝑘 + 2)

,   ∀𝑘 ≥ 2

 

Conclusion, 

𝑦(𝑥) = 𝑎0 + 𝑎1𝑥 + 𝑎2𝑥
2 + 𝑎3𝑥

3 +∑𝑎𝑘𝑥
𝑘

+∞

𝑘=4

= 3 − 𝑥 −
𝑥3

3
+∑𝑎𝑘𝑥

𝑘

+∞

𝑘=4

 

{
 
 
 
 
 

 
 
 
 
 

𝑎0 = 3
𝑎1 = −1
𝑎2 = 0

𝑎3 = −
1

3

𝑎(𝑘+2) = −
𝑘2𝑎𝑘 + 𝑎(𝑘−1)
(𝑘 + 1)(𝑘 + 2)

,   ∀𝑘 ≥ 2

𝑦(𝑥) = 3 − 𝑥 −
𝑥3

3
+∑𝑎𝑘𝑥

𝑘

+∞

𝑘=4

 

 



ANSWER 

{
 
 
 
 
 

 
 
 
 
 

𝑎0 = 3
𝑎1 = −1
𝑎2 = 0

𝑎3 = −
1

3

𝑎(𝑘+2) = −
𝑘2𝑎𝑘 + 𝑎(𝑘−1)
(𝑘 + 1)(𝑘 + 2)

,   ∀𝑘 ≥ 2

𝑦(𝑥) = 3 − 𝑥 −
𝑥3

3
+∑𝑎𝑘𝑥

𝑘

+∞

𝑘=4
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