Answer on Question #81451 — Math — Linear Algebra
Question

Check whether the matrices A and B are diagonalisable. Diagonalise those
matrices which are diagonalisable.

-2 =5 -1
i) A= ( 3 6 1 )
-2 -3 1
Solution

—-2—4 =5 -1
( 3 6—A1 1 )

-2 -3 1-2
—-2—-1 =5 -1

3 6— A 1 [=0
—2 -3 1-2

Characteristic equation

R e R

+(=D |—32 °C /1|

21A -3

(—2—=2D)(6—-61—21+22+3)+5(3B—-31+2)—(-9+12—-22) =0

—18+4+ 141 —222 =91+ 722 =3 +25—-150—-3+21=0

—2>+52-81+4=0
(1—-MDA2+4(1%2-224+1)=0
1-DA2+41-21)?=0
1-1DA*-42+4)=0
1-1D@A-2)2=0
The eigenvalues are

/11 = 1,
2“2 = 2,
/13 = 2.

Since the eigenvalue 2 is repeated (it is algebraically degenerate) there is a
possibility that there may not be enough independent eigenvectors to form a
diagonalizing matrix.

Find the eigenvectors

A=1
—-2—4 =5 -1 -3 -5 -1
( 3 6—A4 1 )=<3 5 1)
-2 -3 1-2 -2 -3 0

—3 =5 -1\, .,z /-3 -5 -1
3 5 1])]—0 0 0
-2 -3 0 -2 -3 0



-3 =5 —N\r-(3r (-3 -5 -1
0o 0 o0]——(0 0 0
-2 -3 0 0 1/3 2/3

Swap rows 2 and 3
-3 -5 -1
( 0 1/3 2/3)

0 0 0

Solve the matrix equation

1 0 =-3\/"
01 2)()
0 0 O V3

If we take v; = t, then v; = 3t,v, = -2t
Therefore,
3t 3
V= (—2t> = (—2>t
t 1

—2-12 -5 -1 —4 -5 -1
( 3 6—1 1 >=<3 4 1)
—2 -3 1-2 -2 -3 -1
—4 -5 —1 R2+(§)R1 —4 -5 -1
3 4 1]——(o0 1/4 1/4
-2 -3 -1 —2 -3 -1
—4 -5 -1 RS_@Rl -4 -5 -1
0 1/4 1/4|—=—| 0 1/4 1/4
-2 -3 -1 0 -1/2 -1/2
—4 -5 -1 —4 -5 -1
R3+(2)R,

(0 1/4 1/4>L><0 1/4 1/4)
0 -1/2 -1/2 0 0 0



—4 =5 -1\ e [—4 -5 -1
0 1/4 1/4)]—[0 1 1
0 0 0 0 0 0

—4 =5 =1\ .sp, [~4 0 4
o 1 1]|]——|0 1 1
0 0 0 0 0 0
—4 0 4\ (-1, /1
(o 1 1>Q><o
0 0 0 0

0
1
0
Solve the matrix equation
1 0 -1\ /" 0
o o)E)-0
0 0 0/\vs 0

If we take v; = t, thenv; =t,v, = —t
Therefore,

3
Eigenvalue:1, eigenvector: (—2)
1

1
Eigenvalue:2, eigenvector: (—1)

1
Since the number of eigenvectors is less than dimension of the matrix, then the

matrix is not diagonalisable.
The matrix A is not diagonalisable.

Question
-1 -3 0
ii) B=(2 4 0)
-1 -1 2

Characteristic equation

Solution

-1-4 =3 0
( 2 4 -1 0 )
-1 -1 2-2




2 0

(=1=4) 4—_1/1 28,1|_(_3)|—1 2—,1|+0=0

(-1-2)(B8—-41—-21+22+0)+3(4—-21+0)+0=0
—8+4+61—22—-81+612—-134+12—-61=0
—234+512-81+4=0
(1-DA2+4(1%2-22+1)=0
1-MDA2+4(1-21%*=0
1-2DA*-42+4)=0
1-1DA-2)2=0

The eigenvalues are

A =1

A, =2

/13 = 2
Find the eigenvectors

A=1
-1-1 =3 0 -2 -3 0
( 2 4—-212 0 > = ( 2 3 0)
-1 -1 2-1 -1 -1 1
(—2 -3 0) Ry+R, (—2 -3 0)
2 3 0]—/™({0 o0 O
-1 -1 1 -1 -1 1
(—2 -3 0) Ra=(5)Rs (—2 -3 0)
0 0 0]——1( 0 0 O
-1 -1 1 0 1/2 1
Swap rows 2 and 3
-2 -3 0
( 0 1/2 1>
0 0 O
(—2 -3 0) @R, (—2 -3 0)
0 1/2 1|]—™1{ 0 1 2
0 0 0 0O 0 O
(—2 -3 0) Ryt ()R, (—2
0 1 2)—/1( 0
0 0 O 0

-2 0 6 (_%)Rl 1 0 -3
(o 1 2>—><o 1 2)
0 0 0 00 0

o - O
onN O
N——



Solve the matrix equation

1 0 =-3\/" 0
0 0 O U3 0

If we take v; = t, then v; = 3t,v, = =2t
Therefore,

-1 -1 0 -1 -1 0
=3 =3 O0\Rry-(3)r (3 =3 O
0 0 o]——[0 o0 o
-1 -1 0 0 0 0
—3 =3 0\ gr (1 1 0
0 0 0]—|o0 0
0 0 0 0 0

Solve the matrix equation

1 1 0\ /"1 0
0 0 0/\vs 0

If we take v, = t,v; = sthenv, = —t

Therefore,
—t -1
V= < t ) = ( 1 >
S 0

3
Eigenvalue:1, eigenvector: (—2)

-1 0
Eigenvalue:2, eigenvectors: ( 1 ) (0)

0
Form the matrix P



Form the diagonal matrix D

B =PDpP!

Question

b) Find inverse of the matrix B in part a) of the question by finding the adjoint as
well as using Cayley-Hamiltion theorem.

Solution

-1 -3 0
B=| 2 4 0
-1 -1 2

] 3o g )
etB)=|2 4 0_2| |—2(—4+6)—4¢0
1 -1 2 2 4
14 0] 2 o_ 12 4
C11‘|—1 2l =8 C=—] o=~ Gs=| —1|_2
-3 0]_ -1 o0p_ =1 -3
Ca1 = |—1 2 =6 2= o[=72 (3= |1 _11 =2
3 0 ~1 0 ~1 -3
C31=|4 o|=0' Ca==|, =0 Gs=], 4| 2

8 6 0
Agj(B)zCT=<—4 -2 0)

2 2 2
1 1/8 6 0 2 3/2 0
B! = Agj(B)=—<—4 2 o>=<—1 ~1/2 o)
det(B) No 2 2/ \12 172 102

Augment the matrix with identity matrix

-1 -3 010 0

(2 40010)

-1 -1 20 0 1
-1 =3 01 0 O\g,r /-1 =3 01 00
2 4 001 0)]—=(0 -202 10
-1 -1 20 0 1 -1 -1 20 0 1
-1 =3 01 0 0\g /-1 =3 0 1 00
(o —20210>—><0 —20210)
-1 -1 20 0 1 0 2 2 -1 0 1



-1 =3 0 1 0 0\ _y, /1 3 0 -1 00
(0 -2 0 2 1 0>—><0 -2 0 2 1 0)
0 2 2 -1 0 1 O 2 2 -1 0 1
1 3 0 -10 0\g,p/1 3 0 -1 00
(0 -2 0 2 1 0>—>(0 -2 0 2 1 0)
0 2 2 -1 0 1 O 0 2 1 1 1
1 3 0 -1 0 0\g 5/ 3 0 -1 0 0
2
(0 -2 0 2 1 0>—><O 1 0 -1 -1/2 0>
0 2 2 -1 0 1 0 0 2 1 1 1
1 3 0 -1 0 0\ r,-(3)r, 0 0 2 3/2 0
o010 -1 -1/2 0)]—/|0 1 0 -1 -1/2 0
0 0 2 1 1 1 0 2 1 1 1
1 00 2 3/2 0\p,/t 00 2 32 0
(0 1 0 -1 -1/2 0)—>(0 1 0 -1 -1/2 0)
0 0 2 1 1 1 o o1 1/2 1/2 1/2
We have obtained the identity matrix to the left. So, we are done.

2 3/2 0
Bl = (—1 ~1/2 0 )
1/2 1/2 1/2

—_

o

Use Cayley-Hamiltion theorem
p(t) = det(B — tI)

-1—-t =3 0
2 4—t 0
-1 -1 2-t
=Q2-t)(—4+t—4t+t*+6)=
=4—6t+2t>—2t+3t>—t3=—-t3+5t>—-8t+4
p(B)=0=>-B3+5B2—8B+4I=0

1
I=7(B®~5B+8B)

t 3.

det(B—t1)= 4 — ¢t -

=e-o|™,

1
I =7 B(B*~5B +8I)

—1_1 2 __
B~ =7 (B*~ 5B +8)

-1 =3 0\/-1 -3 0
BZ=<2 4 0)(2 4 0>=
-1 -1 2/\-1 -1 2



2(-1) +4(2)+ 0 2(-3) + 4(4) + 0 0
—1(-1D)-1(2)+2(-1) —-1(-3)=1(4)+2(-=1) 0+0+2(2)

—5 -9 0
6 10 0
—3 -3 4
—5 -9 0 5 15 0 8 0 0
BZ—5B+81=<6 10 0>+<—10 —20 0 |+(o 8 o]=
—3 -3 4 0
8 6 0
=<—4 —2 0)
2 2 2
1/8 6 0 2 3/2 0
B—1=—<—4 —2 0>=(—1 ~1/2 0
2 2 2 1/2 1/2 1/2

2 3/2 0
B1= (—1 ~1/2 0 )
1/2 1/2 1/2

( —-1(-1) -3()+0 -1(-3)-3(4)+0 0

Answer provided by https://www.AssignmentExpert.com



https://www.assignmentexpert.com/

