
Answer on Question #81208 – Math – Differential Equations 

Question 

 

Solve  

𝑝2 + 2𝑝𝑦 cot 𝑥 = 𝑦2 

 

Solution 

𝑝2 + 2𝑝𝑦 cot 𝑥 = 𝑦2 

cot2 𝑥 + 1 = cosec2 𝑥 => cosec2 𝑥 − cot2 𝑥 = 1 

𝑝2 + 2𝑝𝑦 cot 𝑥 = 𝑦2(cosec2 𝑥 − cot2 𝑥) 

(𝑝2 + 2𝑝𝑦 cot 𝑥 + 𝑦2 cot2 𝑥) − 𝑦2 cosec2 𝑥 = 0 

(𝑝 + 𝑦 cot 𝑥)2 − 𝑦2 cosec2 𝑥 = 0 

(𝑝 + 𝑦 cot 𝑥 + 𝑦 cosec 𝑥)(𝑝 + 𝑦 cot 𝑥 − 𝑦 cosec 𝑥) = 0 

𝑝 + 𝑦 cot 𝑥 + 𝑦 cosec 𝑥 = 0   or   𝑝 + 𝑦 cot 𝑥 − 𝑦 cosec 𝑥 = 0 

 

𝑝 + 𝑦 cot 𝑥 + 𝑦 cosec 𝑥 = 0 
𝑑𝑦

𝑑𝑥
+ 𝑦(cot 𝑥 + cosec 𝑥) = 0 

𝑑𝑦

𝑦
= − (

cos 𝑥

sin 𝑥
+

1

sin 𝑥
) 𝑑𝑥 

𝑑𝑦

𝑦
= − (

2 cos2 (
𝑥
2)

2 sin (
𝑥
2) cos (

𝑥
2)

) 𝑑𝑥 

∫
𝑑𝑦

𝑦
= − ∫

cos (
𝑥
2)

sin (
𝑥
2)

𝑑𝑥 

 

∫
cos (

𝑥
2)

sin (
𝑥
2)

𝑑𝑥 

Substitution 

𝑢 = sin (
𝑥

2
) , 𝑑𝑢 =

1

2
cos (

𝑥

2
) 𝑑𝑥 

∫
cos (

𝑥
2)

sin (
𝑥
2)

𝑑𝑥 = 2 ∫
1

𝑢
𝑑𝑢 = 2 ln |𝑢| − ln 𝐶1 = 2 ln |sin (

𝑥

2
)| − ln 𝐶1 

ln 𝑦 = −2 ln |sin (
𝑥

2
)| + ln 𝐶1 

𝑦 =
𝐶1

sin2 (
𝑥
2)

= 𝐶1 cosec2 (
𝑥

2
) 

𝑦 sin2 (
𝑥

2
) = 𝐶1 

 



 

𝑝 + 𝑦 cot 𝑥 − 𝑦 cosec 𝑥 = 0 
𝑑𝑦

𝑑𝑥
+ 𝑦(cot 𝑥 − cosec 𝑥) = 0 

𝑑𝑦

𝑦
= (

1

sin 𝑥
−

cos 𝑥

sin 𝑥
) 𝑑𝑥 

𝑑𝑦

𝑦
= (

2 sin2 (
𝑥
2)

2 sin (
𝑥
2) cos (

𝑥
2)

) 𝑑𝑥 

∫
𝑑𝑦

𝑦
= ∫

sin (
𝑥
2)

cos (
𝑥
2)

𝑑𝑥 

 

∫
sin (

𝑥
2)

cos (
𝑥
2)

𝑑𝑥 

Substitution 

𝑢 = cos (
𝑥

2
) , 𝑑𝑢 = −

1

2
sin (

𝑥

2
) 𝑑𝑥 

∫
sin (

𝑥
2)

cos (
𝑥
2)

𝑑𝑥 = −2 ∫
1

𝑢
𝑑𝑢 = −2 ln|𝑢| + ln 𝐶2 = −2 ln |cos (

𝑥

2
)| + ln 𝐶2 

ln 𝑦 = −2 ln |cos (
𝑥

2
)| + ln 𝐶2 

𝑦 =
𝐶2

cos2 (
𝑥
2)

= 𝐶2 sec2 (
𝑥

2
) 

𝑦 cos2 (
𝑥

2
) = 𝐶2 

The general solution is 

(𝑦 sin2 (
𝑥

2
) − 𝐶1) (𝑦 cos2 (

𝑥

2
) − 𝐶2) = 0. 

Answer: (𝑦 sin2 (
𝑥

2
) − 𝐶1) (𝑦 cos2 (

𝑥

2
) − 𝐶2) = 0. 
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