
Answer on Question #81140 – Math – Differential Equations 

 

Question 

 

Solve  

(2𝑥 + 3)2
𝑑2𝑦

𝑑𝑥2
− 2(2𝑥 + 3)
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𝑑𝑥
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Solution 

Given differential equation is a Legendre’s differential equation. 

Let 2𝑥 + 3 = 𝑒𝑧 => 𝑧 = ln(2𝑥 + 3) 
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(2𝑥 + 3)2
𝑑2𝑦

𝑑𝑥2
= 22𝐷(𝐷 − 1)𝑦 

Substitute 

(22𝐷(𝐷 − 1) − 2 ∙ 2𝐷 − 12)𝑦 = 6 (
𝑒𝑧 − 3

2
) 

(4𝐷2 − 4𝐷 − 4𝐷 − 12)𝑦 = 3(𝑒𝑧 − 3) 
(4𝐷2 − 8𝐷 − 12)𝑦 = 3(𝑒𝑧 − 3) 
We get a linear differential equation with constant coefficients. 

4𝐷2 − 8𝐷 − 12 = 0 

𝐷2 − 2𝐷 − 3 = 0 

𝐷 =
2 ± √(−2)2 − 4(1)(−3)

2(1)
= 1 ± 2 

𝐷 = 3,−1 

𝑦𝐶 = 𝑐1𝑒
3𝑧 + 𝑐2𝑒

−𝑧 = 𝑐1(2𝑥 + 3)3 + 𝑐2(2𝑥 + 3)−1 

General solution 

𝑦 = 𝑦𝐶 + 𝑌𝑃 

𝑌𝑃 =
1

4𝐷2 − 8𝐷 − 12
∙ 3(𝑒𝑧 − 3) 

=
3

4
∙

1

𝐷2 − 2𝐷 − 3
𝑒𝑧 −

9

4
∙

1

𝐷2 − 2𝐷 − 3
𝑒0∙𝑧 

= −
3

16
𝑒𝑧 +

3

4
= −

3

16
(2𝑥 + 3) +

3

4
 

Therefore, general solution 

𝑦 = 𝑐1(2𝑥 + 3)3 + 𝑐2(2𝑥 + 3)−1 −
3

16
(2𝑥 + 3) +

3

4
. 



Answer: 𝑦 = 𝑐1(2𝑥 + 3)3 + 𝑐2(2𝑥 + 3)−1 −
3

16
(2𝑥 + 3) +

3

4
. 
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