ANSWER on Question #80494 — Math - Differential Equations

QUESTION
Using the method of undermined coefficient find the general solution of D.E
yI) — 29" 4 2y" =3ye™* +2e ¥ - x + e ¥ -sinx
SOLUTION

Hint: In the solution, | will proceed from the assumption that the question contained a mistake and the equation

actually looks like this:
yIV) — 29" 429" =3e ¥ +2e ¥ - x + e ¥ -sinx
As we know from theory, the solution of a differential equation of the form
F(x,3,95", 0, y™) = f1(x) + fo(6) + f5(6) + - fo(x)
consists of such parts:
1) solution of the homogeneous equation
F(x,y,y,y" ..y™) =0y =y,(x)

2) partial solutions of inhomogeneous equations

F(,3,9,9", ,y®) = fi(x) >y = 3100

F,3,5", 5", y™) = () = y = y2(x)

F(x,,9,9", .y ™) = f5(x) > y = y3(x)

F(x;y,y,;y”, )y(n)) = f‘l’l(x) - y = y‘l’l(x)

Then,

Vsot = Y (x) + y1(x) + y2(x) + y3(x) + -+ ¥ (x)



In our case,
(av) _ " "o_ —-x -x | -X . o
y 2y +2y" =3e™* + 2e x+e sin x
1 STEP: We find the solution of the homogeneous equation
av) _ " " o__
y 2" +2y" =0
The solution will be sought in the form
y=e*5v-

yIV) — 29" 429" =0 - k* - e*¥ —2k3 - e** + 2k% - e** =0 - eF* . (k* = 2Kk3 + 2k¥) =0 -

2
k' —2k3 +2k2 =0 k?- (k2 =2k +2) =0 [ k=0
R V=02 9k 42-0
k2=0—>|k1_2=0—multipleroot|
a=1
k?-2k+2=0->{b=-2->D=b*—4ac=(-2)2—-4-1-2=4—-8=—4>
c=2
[ —b—vVD —(=2)—2i 2-2i _
|k3= = = =1—-1
VD = V=4 = 2i > | 2a 2-1 2
lk_—b+\/5_—(—2)+2i_2+2i_1+,
‘=" 24 2.1 2z T
Then,
yh(x) = e®¥1*(A + Bx) + Cief3* + C,e** -
since the root of multiplicity 2
yr(x) = e%%(A + Bx) + C,e1*D% 4 C,e(1=D% = 4 4 Bx + A;e* - cosx + A,e* - sinx
- e = cosx +i-sinx ; ik — .
Hlnt:{ i T s e+ Cem¥ = Ajcosx + Ay sinx
e ™ =cosx+i-sinx
Conclusion,

yIV) — 29" 429" =0 = y,(x) = A+ Bx + Aje* - cosx + A,e* - sinx

2 STEP: We find a particular solution of the inhomogeneous equations
a) f1(x) = 3e™

y(IV) _ Zy/r/ + Zy// =3e X



The solution will be sought in the form

yIM =C.(=1*- e * =Ce™™*
yx)=Ce™ =3y" =C-(-1)3-e*=—Ce™

y'=C-(-1)?-e*=Ce™™
Then,

yI) — 29" 4+ 2y" =3e ¥ - Ce™* —2-(—Ce™)+2-Ce™™ =3¢ »5Ce™*=3e*

| + (5e™) -
- 3e™* 3
~ Se~x
Conclusion,
vy _ " " o_ —x _E —x
y 2y"" 4+ 2y" = 3e —>y1(x)—5e
b) f(x) =2e™* - x
yI) — 29" 4 2y" = 2e7* . x
The solution will be sought in the form
y'=—e* - (Ax+B)+Ae™*=e*-(A— B — Ax)
"=—e*-(A-B—-Ax)—Ae™* =e - (B —2A + Ax)
—_ =X,
y) =e - (Ax+B) >\ i _ _o=x . (B _ 24 + Ax) + Ae~* = e - (34 — B — Ax)
yIV) = —e=*. (34— B — Ax) —Ae ™ = e * - (B — 44 + Ax)

Then,

yIV) _ 29" 4 2y =2 X . x
e ¥ (B—4A+Ax)—2-e* - BA—B—Ax)+2-e*- (B—24A+Ax)=e"*-(2x) >

e . (B—4A+ Ax — 6A + 2B + 2Ax + 2B — 4A + 24x) = e~ ¥ - (2x) >

e* . (5B — 14A + 54x) = e~* - (2x) —>53—14A+5Ax=2x—>{5‘4 =2|+()

5B — 144 =0
A—2 A—2
"5 N 5
519—142 = (5) B—28
N 5] ° "~ 25

Conclusion,



2x 28
yI =2y +2y" = 287" x > yy(x) = e7F - (? * E>

c) f3(x) =e™ -sinx
yIV) — 29" 4 29" = e™* . sinx
The solution will be sought in the form

y(x) = Ae™* -sinx + Be™ - cosx —

y'=—Ae ™ -sinx + Ae™* - cosx —Be ¥ - cosx —Be ¥ -sinx =
|y' =(—A—B)e ™™ -sinx+ (A—B)e™- cosx|
y'"=—(-A—B)e*-sinx+ (—A—B)e™*-cosx—(A—B)e *-cosx —(A—B)e ™ -sinx »

y'=(A+B—-A+B)e ¥ -sinx+(—A—B—A+B)e™*-cosx -

y" = (2B)e™ - sinx + (—2A)e™™ - cos x|

y'" = —(2B)e™ -sinx + (2B)e ™ - cosx — (—2A)e * - cosx — (—2A4)e ™™ - sinx —

|y"' = (—2B + 2A)e ™ -sinx + (2B + 2A)e ™ - cosx|

y"" = —(—=2B + 24)e™ -sinx + (—2B + 2A)e™* - cosx — (2B + 2A)e™™ - cosx — (2B + 2A)e ™™ - sinx

y'""= (2B —2A —2B —2A)e™ -sinx + (—2B + 2A — 2B — 2A)e™ - cosx —

yn/r — (—4A)€_x -sinx + (—4B)e_x . COSX|

Then,
y@) — 29" 4 2y" = 2e7* - sinx —
(—4A)e™ -sinx + (—4B)e ™ - cosx — 2((—2B + 2A)e ™ -sinx + (2B + 2A)e™* - cos x) +
+2((2B)e‘x -sinx + (—2A)e ™™ - cos x) =e *.sinx -
(—4A)e™™ -sinx + (—4B)e * - cosx + (4B — 4A)e ™ - sinx + (—4B — 4A)e ™ - cosx +
+(4B)e ™ -sinx + (—4A)e ™ -cosx = e ¥ -sinx —
(—4A+ 4B —4A+ 4B)e™ -sinx + (—4B — 4B — 4A — 4A)e ™ - cosx = e™* - sinx —

(—84+8B)e™® -sinx + (—8B —84)e ™™ - cosx = e ™ -sinx —



{—8A+8B=1 { —8A+8B =1 {—8-(—B)+8B=1_>{16B=1_>

—84—-8B=0 |-84=8B|+(-8) " A= —B A= —_B

A= 1
- 16

B 1
16

Conclusion,
sin x Cos x
yI) =2y +2y" = 2e7F sinx o ya(n) = — e e

General conclusion,
yIV) — 29" 4 29" =3ye™* + 2e™* . x + e ¥ -sinx -

y(x) = yp () + y1(x) + y2(x) + y3(x) -

(x)=A+Bx + Ae*-cosx + A,e* sinx+3e"x+e"x (2x+28) sin x e™* cosx e ¥ -
Y= ! 2 5 5 "25) 16 16
(x) = A+ Bx + A e* bAe* - si +(3+28> _x+2x _, Sinx _~ cosx
xX) = X e* - cosx eX-sinx+|(=-+—]-e —.er — . e >
Y : 2 5 25 5 16 16
(x) = A + Bx + 4,7 b Ae* - si +43 _x+2x _, Sinx cosx .
y(x) = x+Ase” - cosx +Aze” sinx +o-e o T T
ANSWER
(x) = A + Bx + 4,7 b Ae* - si +43 _x+2x _, Sinx cosx .
y(x) = x +Ase” - cosx +Aze” sinx +o-e o T T
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