
ANSWER on Question #80494 – Math – Differential Equations 

QUESTION 

Using the method of undermined coefficient find the general solution of D.E 

𝑦(𝐼𝑉) − 2𝑦′′′ + 2𝑦′′ = 3𝑦𝑒−𝑥 + 2𝑒−𝑥 ⋅ 𝑥 + 𝑒−𝑥 ⋅ sin 𝑥 

SOLUTION 

Hint: In the solution, I will proceed from the assumption that the question contained a mistake and the equation 

actually looks like this: 

𝑦(𝐼𝑉) − 2𝑦′′′ + 2𝑦′′ = 3𝑒−𝑥 + 2𝑒−𝑥 ⋅ 𝑥 + 𝑒−𝑥 ⋅ sin 𝑥 

As we know from theory, the solution of a differential equation of the form 

𝐹(𝑥, 𝑦, 𝑦′, 𝑦′′, … , 𝑦(𝑛)) = 𝑓1(𝑥) + 𝑓2(𝑥) + 𝑓3(𝑥) + ⋯𝑓𝑛(𝑥) 

consists of such parts: 

1) solution of the homogeneous equation 

𝐹(𝑥, 𝑦, 𝑦′, 𝑦′′, … , 𝑦(𝑛)) = 0 → 𝑦 = 𝑦ℎ(𝑥) 

2) partial solutions of inhomogeneous equations 

𝐹(𝑥, 𝑦, 𝑦′, 𝑦′′, … , 𝑦(𝑛)) = 𝑓1(𝑥) → 𝑦 = 𝑦1(𝑥) 

𝐹(𝑥, 𝑦, 𝑦′, 𝑦′′, … , 𝑦(𝑛)) = 𝑓2(𝑥) → 𝑦 = 𝑦2(𝑥) 

𝐹(𝑥, 𝑦, 𝑦′, 𝑦′′, … , 𝑦(𝑛)) = 𝑓3(𝑥) → 𝑦 = 𝑦3(𝑥) 

……………………………………………… 

𝐹(𝑥, 𝑦, 𝑦′, 𝑦′′, … , 𝑦(𝑛)) = 𝑓𝑛(𝑥) → 𝑦 = 𝑦𝑛(𝑥) 

Then, 

𝑦𝑠𝑜𝑙 = 𝑦ℎ(𝑥) + 𝑦1(𝑥) + 𝑦2(𝑥) + 𝑦3(𝑥) + ⋯+ 𝑦𝑛(𝑥) 

 

 

 



In our case, 

𝑦(𝐼𝑉) − 2𝑦′′′ + 2𝑦′′ = 3𝑒−𝑥 + 2𝑒−𝑥 ⋅ 𝑥 + 𝑒−𝑥 ⋅ sin 𝑥 

1 STEP: We find the solution of the homogeneous equation 

𝑦(𝐼𝑉) − 2𝑦′′′ + 2𝑦′′ = 0 

The solution will be sought in the form 

𝑦 = 𝑒𝑘𝑥 → 𝑣 → 

𝑦(𝐼𝑉) − 2𝑦′′′ + 2𝑦′′ = 0 → 𝑘4 ⋅ 𝑒𝑘𝑥 − 2𝑘3 ⋅ 𝑒𝑘𝑥 + 2𝑘2 ⋅ 𝑒𝑘𝑥 = 0 → 𝑒𝑘𝑥 ⋅ (𝑘4 − 2𝑘3 + 2𝑘2) = 0 → 

𝑘4 − 2𝑘3 + 2𝑘2 = 0 → 𝑘2 ⋅ (𝑘2 − 2𝑘 + 2) = 0 → [ 𝑘2 = 0
𝑘2 − 2𝑘 + 2 = 0

 

𝑘2 = 0 → 𝑘1,2 = 0 −𝑚𝑢𝑙𝑡𝑖𝑝𝑙𝑒 𝑟𝑜𝑜𝑡  

𝑘2 − 2𝑘 + 2 = 0 → {
𝑎 = 1
𝑏 = −2
𝑐 = 2

→ 𝐷 = 𝑏2 − 4𝑎𝑐 = (−2)2 − 4 ⋅ 1 ⋅ 2 = 4 − 8 = −4 → 

√𝐷 = √−4 = 2𝑖 →

[
 
 
 
 𝑘3 =

−𝑏 − √𝐷

2𝑎
=
−(−2) − 2𝑖

2 ⋅ 1
=
2 − 2𝑖

2
= 1 − 𝑖

𝑘4 =
−𝑏 + √𝐷

2𝑎
=
−(−2) + 2𝑖

2 ⋅ 1
=
2 + 2𝑖

2
= 1 + 𝑖

 

Then, 

𝑦ℎ(𝑥) = 𝑒𝑘1𝑥(𝐴 + 𝐵𝑥)⏟        
𝑠𝑖𝑛𝑐𝑒 𝑡ℎ𝑒 𝑟𝑜𝑜𝑡 𝑜𝑓 𝑚𝑢𝑙𝑡𝑖𝑝𝑙𝑖𝑐𝑖𝑡𝑦 2

+ 𝐶1𝑒
𝑘3𝑥 + 𝐶2𝑒

𝑘4𝑥 → 

𝑦ℎ(𝑥) = 𝑒
0⋅𝑥(𝐴 + 𝐵𝑥) + 𝐶1𝑒

(1+𝑖)𝑥 + 𝐶3𝑒
(1−𝑖)𝑥 ≡ 𝐴 + 𝐵𝑥 + 𝐴1𝑒

𝑥 ⋅ cos 𝑥 + 𝐴2𝑒
𝑥 ⋅ sin 𝑥 

𝐻𝑖𝑛𝑡: { 𝑒
𝑖𝑥 = cos 𝑥 + 𝑖 ⋅ sin 𝑥

𝑒−𝑖𝑥 = cos 𝑥 + 𝑖 ⋅ sin 𝑥
→ 𝐶1𝑒

𝑖𝑥 + 𝐶2𝑒
−𝑖𝑥 ≡ 𝐴1 cos 𝑥 + 𝐴2 sin 𝑥 

Conclusion, 

𝑦(𝐼𝑉) − 2𝑦′′′ + 2𝑦′′ = 0 → 𝑦ℎ(𝑥) = 𝐴 + 𝐵𝑥 + 𝐴1𝑒
𝑥 ⋅ cos 𝑥 + 𝐴2𝑒

𝑥 ⋅ sin 𝑥  

2 STEP: We find a particular solution of the inhomogeneous equations 

a) 𝑓1(𝑥) = 3𝑒
−𝑥 

𝑦(𝐼𝑉) − 2𝑦′′′ + 2𝑦′′ = 3𝑒−𝑥 



The solution will be sought in the form 

𝑦(𝑥) = 𝐶𝑒−𝑥 → {

𝑦(𝐼𝑉) = 𝐶 ⋅ (−1)4 ⋅ 𝑒−𝑥 = 𝐶𝑒−𝑥

𝑦′′′ = 𝐶 ⋅ (−1)3 ⋅ 𝑒−𝑥 = −𝐶𝑒−𝑥

𝑦′′ = 𝐶 ⋅ (−1)2 ⋅ 𝑒−𝑥 = 𝐶𝑒−𝑥
 

Then, 

𝑦(𝐼𝑉) − 2𝑦′′′ + 2𝑦′′ = 3𝑒−𝑥 → 𝐶𝑒−𝑥 − 2 ⋅ (−𝐶𝑒−𝑥) + 2 ⋅ 𝐶𝑒−𝑥 = 3𝑒−𝑥 → 5𝐶𝑒−𝑥 = 3𝑒−𝑥| ÷ (5𝑒−𝑥) → 

𝐶 =
3𝑒−𝑥

5𝑒−𝑥
=
3

5
 

Conclusion, 

𝑦(𝐼𝑉) − 2𝑦′′′ + 2𝑦′′ = 3𝑒−𝑥 → 𝑦1(𝑥) =
3

5
𝑒−𝑥  

b) 𝑓2(𝑥) = 2𝑒
−𝑥 ⋅ 𝑥 

𝑦(𝐼𝑉) − 2𝑦′′′ + 2𝑦′′ = 2𝑒−𝑥 ⋅ 𝑥 

The solution will be sought in the form 

𝑦(𝑥) = 𝑒−𝑥 ⋅ (𝐴𝑥 + 𝐵) →

{
 

 
𝑦′ = −𝑒−𝑥 ⋅ (𝐴𝑥 + 𝐵) + 𝐴𝑒−𝑥 ≡ 𝑒−𝑥 ⋅ (𝐴 − 𝐵 − 𝐴𝑥)

𝑦′′ = −𝑒−𝑥 ⋅ (𝐴 − 𝐵 − 𝐴𝑥) − 𝐴𝑒−𝑥 ≡ 𝑒−𝑥 ⋅ (𝐵 − 2𝐴 + 𝐴𝑥)

𝑦′′′ = −𝑒−𝑥 ⋅ (𝐵 − 2𝐴 + 𝐴𝑥) + 𝐴𝑒−𝑥 ≡ 𝑒−𝑥 ⋅ (3𝐴 − 𝐵 − 𝐴𝑥)

𝑦(𝐼𝑉) = −𝑒−𝑥 ⋅ (3𝐴 − 𝐵 − 𝐴𝑥) − 𝐴𝑒−𝑥 ≡ 𝑒−𝑥 ⋅ (𝐵 − 4𝐴 + 𝐴𝑥)

 

Then, 

𝑦(𝐼𝑉) − 2𝑦′′′ + 2𝑦′′ = 2𝑒−𝑥 ⋅ 𝑥 → 

𝑒−𝑥 ⋅ (𝐵 − 4𝐴 + 𝐴𝑥) − 2 ⋅ 𝑒−𝑥 ⋅ (3𝐴 − 𝐵 − 𝐴𝑥) + 2 ⋅ 𝑒−𝑥 ⋅ (𝐵 − 2𝐴 + 𝐴𝑥) = 𝑒−𝑥 ⋅ (2𝑥) → 

𝑒−𝑥 ⋅ (𝐵 − 4𝐴 + 𝐴𝑥 − 6𝐴 + 2𝐵 + 2𝐴𝑥 + 2𝐵 − 4𝐴 + 2𝐴𝑥) = 𝑒−𝑥 ⋅ (2𝑥) → 

𝑒−𝑥 ⋅ (5𝐵 − 14𝐴 + 5𝐴𝑥) = 𝑒−𝑥 ⋅ (2𝑥) → 5𝐵 − 14𝐴 + 5𝐴𝑥 = 2𝑥 → {
5𝐴 = 2| ÷ (5)
5𝐵 − 14𝐴 = 0

→ 

{
𝐴 =

2

5

5𝐵 = 14 ⋅
2

5
| ÷ (5)

→ {
𝐴 =

2

5

𝐵 =
28

25

 

Conclusion, 



𝑦(𝐼𝑉) − 2𝑦′′′ + 2𝑦′′ = 2𝑒−𝑥 ⋅ 𝑥 → 𝑦2(𝑥) = 𝑒
−𝑥 ⋅ (

2𝑥

5
+
28

25
)  

c) 𝑓3(𝑥) = 𝑒
−𝑥 ⋅ sin 𝑥 

𝑦(𝐼𝑉) − 2𝑦′′′ + 2𝑦′′ = 𝑒−𝑥 ⋅ sin 𝑥 

The solution will be sought in the form 

𝑦(𝑥) = 𝐴𝑒−𝑥 ⋅ sin 𝑥 + 𝐵𝑒−𝑥 ⋅ cos 𝑥 → 

𝑦′ = −𝐴𝑒−𝑥 ⋅ sin 𝑥 + 𝐴𝑒−𝑥 ⋅ cos 𝑥 − 𝐵𝑒−𝑥 ⋅ cos 𝑥 − 𝐵𝑒−𝑥 ⋅ sin 𝑥 → 

𝑦′ = (−𝐴 − 𝐵)𝑒−𝑥 ⋅ sin 𝑥 + (𝐴 − 𝐵)𝑒−𝑥 ⋅ cos 𝑥  

𝑦′′ = −(−𝐴 − 𝐵)𝑒−𝑥 ⋅ sin 𝑥 + (−𝐴 − 𝐵)𝑒−𝑥 ⋅ cos 𝑥 − (𝐴 − 𝐵)𝑒−𝑥 ⋅ cos 𝑥 − (𝐴 − 𝐵)𝑒−𝑥 ⋅ sin 𝑥 → 

𝑦′′ = (𝐴 + 𝐵 − 𝐴 + 𝐵)𝑒−𝑥 ⋅ sin 𝑥 + (−𝐴 − 𝐵 − 𝐴 + 𝐵)𝑒−𝑥 ⋅ cos 𝑥 → 

𝑦′′ = (2𝐵)𝑒−𝑥 ⋅ sin 𝑥 + (−2𝐴)𝑒−𝑥 ⋅ cos 𝑥  

𝑦′′′ = −(2𝐵)𝑒−𝑥 ⋅ sin 𝑥 + (2𝐵)𝑒−𝑥 ⋅ cos 𝑥 − (−2𝐴)𝑒−𝑥 ⋅ cos 𝑥 − (−2𝐴)𝑒−𝑥 ⋅ sin 𝑥 → 

𝑦′′′ = (−2𝐵 + 2𝐴)𝑒−𝑥 ⋅ sin 𝑥 + (2𝐵 + 2𝐴)𝑒−𝑥 ⋅ cos 𝑥  

𝑦′′′′ = −(−2𝐵 + 2𝐴)𝑒−𝑥 ⋅ sin 𝑥 + (−2𝐵 + 2𝐴)𝑒−𝑥 ⋅ cos 𝑥 − (2𝐵 + 2𝐴)𝑒−𝑥 ⋅ cos 𝑥 − (2𝐵 + 2𝐴)𝑒−𝑥 ⋅ sin 𝑥 

𝑦′′′′ = (2𝐵 − 2𝐴 − 2𝐵 − 2𝐴)𝑒−𝑥 ⋅ sin 𝑥 + (−2𝐵 + 2𝐴 − 2𝐵 − 2𝐴)𝑒−𝑥 ⋅ cos 𝑥 → 

𝑦′′′′ = (−4𝐴)𝑒−𝑥 ⋅ sin 𝑥 + (−4𝐵)𝑒−𝑥 ⋅ cos 𝑥  

Then, 

𝑦(𝐼𝑉) − 2𝑦′′′ + 2𝑦′′ = 2𝑒−𝑥 ⋅ sin 𝑥 → 

(−4𝐴)𝑒−𝑥 ⋅ sin 𝑥 + (−4𝐵)𝑒−𝑥 ⋅ cos 𝑥 − 2((−2𝐵 + 2𝐴)𝑒−𝑥 ⋅ sin 𝑥 + (2𝐵 + 2𝐴)𝑒−𝑥 ⋅ cos 𝑥) + 

+2((2𝐵)𝑒−𝑥 ⋅ sin 𝑥 + (−2𝐴)𝑒−𝑥 ⋅ cos 𝑥) = 𝑒−𝑥 ⋅ sin 𝑥 → 

(−4𝐴)𝑒−𝑥 ⋅ sin 𝑥 + (−4𝐵)𝑒−𝑥 ⋅ cos 𝑥 + (4𝐵 − 4𝐴)𝑒−𝑥 ⋅ sin 𝑥 + (−4𝐵 − 4𝐴)𝑒−𝑥 ⋅ cos 𝑥 + 

+(4𝐵)𝑒−𝑥 ⋅ sin 𝑥 + (−4𝐴)𝑒−𝑥 ⋅ cos 𝑥 = 𝑒−𝑥 ⋅ sin 𝑥 → 

(−4𝐴 + 4𝐵 − 4𝐴 + 4𝐵)𝑒−𝑥 ⋅ sin 𝑥 + (−4𝐵 − 4𝐵 − 4𝐴 − 4𝐴)𝑒−𝑥 ⋅ cos 𝑥 = 𝑒−𝑥 ⋅ sin 𝑥 → 

(−8𝐴 + 8𝐵)𝑒−𝑥 ⋅ sin 𝑥 + (−8𝐵 − 8𝐴)𝑒−𝑥 ⋅ cos 𝑥 = 𝑒−𝑥 ⋅ sin 𝑥 → 



{
−8𝐴 + 8𝐵 = 1
−8𝐴 − 8𝐵 = 0

→ {
−8𝐴 + 8𝐵 = 1

−8𝐴 = 8𝐵| ÷ (−8)
→ {−8 ⋅

(−𝐵) + 8𝐵 = 1
𝐴 = −𝐵

→ {
16𝐵 = 1
𝐴 = −𝐵

→ 

{
𝐴 = −

1

16

𝐵 =
1

16

 

Conclusion, 

𝑦(𝐼𝑉) − 2𝑦′′′ + 2𝑦′′ = 2𝑒−𝑥 ⋅ sin 𝑥 → 𝑦3(𝑥) = −
sin 𝑥

16
⋅ 𝑒−𝑥 +

cos 𝑥

16
⋅ 𝑒−𝑥  

General conclusion, 

𝑦(𝐼𝑉) − 2𝑦′′′ + 2𝑦′′ = 3𝑦𝑒−𝑥 + 2𝑒−𝑥 ⋅ 𝑥 + 𝑒−𝑥 ⋅ sin 𝑥 → 

𝑦(𝑥) = 𝑦ℎ(𝑥) + 𝑦1(𝑥) + 𝑦2(𝑥) + 𝑦3(𝑥) → 

𝑦(𝑥) = 𝐴 + 𝐵𝑥 + 𝐴1𝑒
𝑥 ⋅ cos 𝑥 + 𝐴2𝑒

𝑥 ⋅ sin 𝑥 +
3

5
𝑒−𝑥 + 𝑒−𝑥 ⋅ (

2𝑥

5
+
28

25
) −

sin 𝑥

16
⋅ 𝑒−𝑥 +

cos 𝑥

16
⋅ 𝑒−𝑥 → 

𝑦(𝑥) = 𝐴 + 𝐵𝑥 + 𝐴1𝑒
𝑥 ⋅ cos 𝑥 + 𝐴2𝑒

𝑥 ⋅ sin 𝑥 + (
3

5
+
28

25
) ⋅ 𝑒−𝑥 +

2𝑥

5
⋅ 𝑒−𝑥 −

sin 𝑥

16
⋅ 𝑒−𝑥 +

cos 𝑥

16
⋅ 𝑒−𝑥 → 

𝑦(𝑥) = 𝐴 + 𝐵𝑥 + 𝐴1𝑒
𝑥 ⋅ cos 𝑥 + 𝐴2𝑒

𝑥 ⋅ sin 𝑥 +
43

25
⋅ 𝑒−𝑥 +

2𝑥

5
⋅ 𝑒−𝑥 −

sin 𝑥

16
⋅ 𝑒−𝑥 +

cos 𝑥

16
⋅ 𝑒−𝑥  

ANSWER 

𝑦(𝑥) = 𝐴 + 𝐵𝑥 + 𝐴1𝑒
𝑥 ⋅ cos 𝑥 + 𝐴2𝑒

𝑥 ⋅ sin 𝑥 +
43

25
⋅ 𝑒−𝑥 +

2𝑥

5
⋅ 𝑒−𝑥 −

sin 𝑥

16
⋅ 𝑒−𝑥 +

cos 𝑥

16
⋅ 𝑒−𝑥 
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