ANSWER on Question #80273 — Math - Differential Equations

QUESTION

Solve the PDE:

1)
(D?+ D — 1)z = 4e**Y cos(x + y)
2)
(D+D'—1)(D+2D'—3)z=4+3x+6y
SOLUTION

Before solving the task, let us recall some theoretical facts.
Let the given differential equation be
F(D,D") = f(x,y).
Factorize F(D, D") into linear factors. Then use the following results:
Rule I. Corresponding to each non-repeated factor (bD — aD’ — c), the part of C.F. is taken as
e(%)go(by +ax), if b#0
We now have three particular cases of Rule I:
Rule IA. Take ¢ = 0 in Rule I. Hence corresponding to each linear factor (bD — aD"), the part of C.F. is
o(by + ax), if b # 0.

Rule IB. Take a = 0 in Rule I. Hence corresponding to each linear factor (bD — ¢), the part of C.F. is

e(%)go(by), if b+0.

Rule IC. Takea = ¢ = 0 and b = 1 in Rule I. Hence corresponding to each linear factor (1 - D), the part

of C.F. is

o).



Rule Il. When

flx,y) =V(x,y)e®>*by
Then,

__ L axsby — gaxeny ! V(x,y)
F(D,D') F(D+a,D'+b) ’

P.I.

In our case,
1)
(D? + D — 1)z = 4e**Y cos(x + y)
(D?*+D — 1)z = 4e**Y cos(x + y) = z(x,y) = C.F.+P.1I.

0 STEP: Factorize F(D, D') into linear factors.

D*+D-1-1-x*+1-x=1=0-VD =+b?—dac=(1)2—4-1-(-1) =Vi+4
a b c

[ b-VD_-1-V5_ 141§

|m1: =
NN 2a 21 2
|  -b+VD -1+V5 1-+5
M= =71 -2
Conclusion,
1++5 1-+/5
m+m—-1=m-m)(m—-m,)=|m+ 5 m+ 5 -
, < 1+\/§>< 1—\/§>
D2+D—-1=(D+ D+
2 2
Then,

1++5 1-+5
(D2+D—1)z=4ex+ycos(x+y)—><D+ ><D+

— 4 x+y
> 5 >z e Y cos(x +y)




1 STEP: Let find C.F.

1+V5
2
1

b=1

5 14++/5 40 (
<+ 2 >Z—> LyEo CF=e

(bD —aD' —¢)z c= >

>'<P1(1-y+(0)-X)—>

1+/5
(C.F.);,=e 2 *.¢@,(y),where @, is arbitrary function

1-vV5
), )
<D+ 2 >Z—> __ - (C.F);=e 1y +(0)-x) -

(bD —aD' —¢)z c=-

V5
(C.F.), =e 2 *-q@,(y),where @, is arbitrary function

Then,

IRELER _1Vs,
C.F.=(C.F.);+(C.F.),»|C.F.=e 2 “-p;(y)+e 2 " p,(y)

2 STEP: Let find P.I.

1 ¢ b 1

P.l.= ———4eTx+1y = 4™tV
DZyD—1 ¢ cos(x +y) =4t S T D r D -1

cos(x+y) =

1
=4 D i r D 1oL os(r ) =4t

Dr 13D 415 TV =

1
= 4e*tY 773D 11 cos(x + y) = 4e*tY

T33p 1S +y) =
(3D —2)

=4 x+y
¢ (3D +2)(3D — 2)

cos(x +y) = 4e**V cos(x +y) =

3D + 2

= 4eXty (BD — 2) (SD - 2) (3D - 24?

N7 — x+y N7 =/ —— x+y > =/
) cos(x +y) = 4e e 4cos(x +y) 4e 9 1= cos(x +y)

9D?

(3D —2)

=4 x+y
¢ 5

cos(x+y) =
= fe’“’“J’(BD —2)cos(x +y) = ie“y (3i - 2) cos(x +y) =
5 5 0x

= ge“y (3;—x(cos(x +vy)) —2-cos(x + y)) =



_ gexﬂ/(g(_ sin(x +y)) — 2cos(x +y)) =

4
=— gex+y(3 sin(x + y) + 2 cos(x + y))

Then,

4
P.l.=— gex+y(3 sin(x + y) + 2 cos(x + y))

Conclusion,

z(x,y)=C.F.+P.I.=

1+/5 1-5

4
=e 2 T (y)+e 2 F-,(y) —gex+3’(3 sin(x +y) + 2 cos(x +y))

1+/5 1-5

4
z(x,y)=e 2 “-@(y)+e 2 "'wz(y)—gex+y(3sin(x+y)+ZCos(x+y))

_1+V5 _1-Vs 4
z(py)=e 2 " i) +e 27 ga(y) — eV (Bsin(x +y) + 2 cos(x +y))

where @,and ¢, are arbitrary functions




2)

(D+D' —1)(D+2D' —3)z=4+3x + 6y

1 STEP: Let find C.F.

' b=1 1-x
{(lggth' _1232_){‘1 =—-1->(C.F.) = e(T)'(Pl(l'y+(_1) “x) =
c=1

|(C. F.); = e*-p,(y — x),where @, is arbitrary functi0n|

' — b=1 3-x
(opab— ™ {a =25 (CF ) =elT) gLy + ()0 -
c=3

|(C.F.)2 = e3% . @p,(y — 2x),where @, is arbitrary function|

Then,

C.F.=(C.F.);+(C.F.), —>|C.F.= e* - p,(y —x) +e3x-<p2(y—2x)|

2 STEP: Let find P.1.

1
PI=(D+D'—1)(D+2D1_3)(4‘+3x+6y)=
- (4 + 3x + 6y)
- 7 X V) =
(-1 -1~ [D+D’]).(_3).(1_[D +32D D

= % (1-[D+D]P*- (1 - [D +32D’D (4+3x+6y) =

1
=[ﬁ=1+x+x2+x3+x4+~--,|x|<1]=

2
1 D+2D'l [D+2D'
=§-(1+[D+D’]+[D+D’]2+---)- 1+[ 3 l+[ 3 l +--->(4+3x+6y)

1 D + 2D’
=§-<1+[D+D’]+ 3 l+--->(4+3x+6y)=

[SSRINEN

D 2D’ 1 4D 5D’
- 1+D+D’+§+ 3 (4+3x+6y)=§ 1+?+ 3 (4+3x +6y) =



4 9
(4+3x+6y+=--—

Wl =

5 0
3 ax(4+3x+6y)+§-@(4+3x+6y)>—

4 5 1
-(4+3x+6y+§-3+§-6)=§-(4+3x+6y+4+10)=

W =

1
=§-(18+3x+6y)=6+x+2y

Then,
P.l.=6+x+ 2y
Conclusion,
z(x,y) =C.F.+P.l.=e* - p;(y —x) + e3* - p,(y = 2x) + 6 + x + 2y
{z(x,y) =e - (y—x)+e3*-p,(y—2x)+6+x+2y
where @ and @, are arbitrary functions
ANSWER
1)
(D?+ D — 1)z = 4e**Y cos(x + y) -
20y =2 i) e T a(3) — g @ sine +) + 2cos(x +7))
where @ and ¢, are arbitrary functions
2)

(DbD+D'—1)(D+2D"—3)z=4+3x+6y—>

{Z(x,y) =e* o (y—x)+e¥ p,(y—2x) +6+x+2y
where @,and @, are arbitrary functions
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