
Answer on Question #79870 – Math – Linear Algebra 
 

Question 

Find the orthogonal canonical reduction of the quadratic form 

𝑄 = 𝑥2 + 𝑦2 + 𝑧2 − 2𝑥𝑦 − 2𝑥𝑧 − 2𝑦𝑧. 

 Also, find its principal axes. 
 

Solution 

𝐴 = [
1 −1 −1
−1 1 −1
−1 −1 1

]  

−det(𝜆𝐼 − 𝐴) = det(𝐴 − 𝜆𝐼) = |[
1 − 𝜆 −1 −1
−1 1 − 𝜆 −1
−1 −1 1 − 𝜆

]| = (1 − 𝜆)(−2𝜆 + 𝜆2) − (−1)(−2 +

𝜆) + (−1)(2 − 𝜆) = (𝜆 − 2)(−𝜆2 + 𝜆 + 1 + 1) = (𝜆 − 2)(2 − 𝜆)(𝜆 + 1) = 0  
𝜆1 = 𝜆2 = 2,  𝜆3 = −1 are eigenvalues. 
𝑄 = 2𝑎2 + 2𝑏2 − 𝑐2 is the orthogonal canonical reduction. 
 

Ker [
1 − 2 −1 −1
−1 1 − 2 −1
−1 −1 1 − 2

] = Ker [
−1 −1 −1
0 0 0
0 0 0

] = span {[
1
−1
0
] , [

1
0
−1

]} = 

= span {
1

√2
[
1
−1
0
] ,

1

√2
[
1
0
−1

]} . 

 

Ker [
1 + 1 −1 −1
−1 1 + 1 −1
−1 −1 1 + 1

] = Ker [
2 −1 −1
−1 2 −1
−1 −1 2

] = Ker [
2 −1 −1
−2 4 −2
−2 −2 4

] =

Ker [
2 −1 −1
0 3 −3
0 −3 3

] = Ker [
2 0 −2
0 1 −1
0 0 0

] = Ker [
1 0 −1
0 1 −1
0 0 0

] = span {[
1
1
1
]} = span {

1

√3
[
1
1
1
]} ; 

𝑝1 =
1

√2
[
1
−1
0
], 𝑝2 =

1

√2
[
1
0
−1

] and 𝑝3 =
1

√3
[
1
1
1
] are the principal axes. 

 

Answer: 

1. 𝑄 = 2𝑎2 + 2𝑏2 − 𝑐2 is the orthogonal canonical reduction. 

2. 𝑝1 =
1

√2
[
1
−1
0
], 𝑝2 =

1

√2
[
1
0
−1

] and 𝑝3 =
1

√3
[
1
1
1
] are the principal axes. 
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