
Answer on Question #79868 – Math – Linear Algebra 

 

Question 

 

Consider the basis 𝑒1 = (−2, 4,−1), 𝑒2 = (−1, 3,−1) and 𝑒3 = (1,−2, 1) of ℝ3 

over  ℝ . Find the dual basis of {𝑒1, 𝑒2, 𝑒3}. 
  

Solution 

For every basis {𝑒1, 𝑒2, 𝑒3} there is a basis {𝑣1, 𝑣2, 𝑣3}  such that 

𝑣𝑖(𝑒𝑗) = {
1   𝑖𝑓  𝑖 ≠ 𝑗
0   𝑖𝑓  𝑖 = 𝑗

 

The basis {𝑣1, 𝑣2, 𝑣3}   is known as the dual basis of  {𝑒1, 𝑒2, 𝑒3} . Clearly, it is 

unique. 
〈𝑣𝑖 , 𝑒𝑗〉 = 𝛿𝑖𝑗 

𝐴𝑀 = (
1 0 0
0 1 0
0 0 1

) , 𝑀 = (
−2 4 −1
−1 3 −1
1 −2 1

) 

𝐴 = 𝑀−1 

(
−2 4 −1
−1 3 −1
1 −2 1

      
1 0 0
0 1 0
0 0 1

)
𝑅1 (−2)⁄
→     (

1 −2 1 2⁄
−1 3 −1
1 −2 1

      
−1 2⁄ 0 0
0 1 0
0 0 1

) 

 

(
1 −2 1 2⁄
−1 3 −1
1 −2 1

      
−1 2⁄ 0 0
0 1 0
0 0 1

)
𝑅2+𝑅1
→    (

1 −2 1 2⁄

0 1 −1 2⁄
1 −2 1

      
−1 2⁄ 0 0
−1 2⁄ 1 0
0 0 1

) 

 

(
1 −2 1 2⁄

0 1 −1 2⁄
1 −2 1

      
−1 2⁄ 0 0
−1 2⁄ 1 0
0 0 1

)
𝑅3−𝑅1
→    (

1 −2 1 2⁄

0 1 −1 2⁄

0 0 1 2⁄
      
−1 2⁄ 0 0
−1 2⁄ 1 0
1 2⁄ 0 1

) 

 

(
1 −2 1 2⁄

0 1 −1 2⁄

0 0 1 2⁄
      
−1 2⁄ 0 0
−1 2⁄ 1 0
1 2⁄ 0 1

)
𝑅1+(2)𝑅2
→      (

1 0 −1 2⁄

0 1 −1 2⁄

0 0 1 2⁄
      
−3 2⁄ 2 0
−1 2⁄ 1 0
1 2⁄ 0 1

) 

 

(
1 0 −1 2⁄

0 1 −1 2⁄

0 0 1 2⁄
      
−3 2⁄ 2 0
−1 2⁄ 1 0
1 2⁄ 0 1

)
𝑅1+𝑅3
→    (

1 0 0
0 1 −1 2⁄

0 0 1 2⁄
      

−1 2 1
−1 2⁄ 1 0
1 2⁄ 0 1

) 

 

(
1 0 0
0 1 −1 2⁄

0 0 1 2⁄
      

−1 2 1
−1 2⁄ 1 0
1 2⁄ 0 1

)
𝑅2+𝑅3
→    (

1 0 0
0 1 0
0 0 1 2⁄

      
−1 2 1
0 1 1
1 2⁄ 0 1

) 

 

(
1 0 0
0 1 0
0 0 1 2⁄

      
−1 2 1
0 1 1
1 2⁄ 0 1

)
(2)𝑅3
→   (

1 0 0
0 1 0
0 0 1

      
−1 2 1
0 1 1
1 0 2

) 



 

𝐴 = 𝑀−1 = (
−1 2 1
0 1 1
1 0 2

) 

 

𝑣1 = (−1, 0, 1), 
𝑣2 = (2, 1, 0), 
𝑣3 = (1, 1, 2). 
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