
ANSWER on Question #79736 – Math – Calculus 

QUESTION 

Evaluate the integral 

∫
(1 − 𝑥4)

3
4

(1 + 𝑥4)2

1

0

𝑑𝑥 

 

SOLUTION 

To solve this problem, we recall the definition of the beta function 

𝐵(𝑥, 𝑦) = ∫𝑡𝑥−1(1 − 𝑡)𝑦−1𝑑𝑡

1

0

 

Or 

𝐵(𝑥, 𝑦) = ∫
𝑡𝑥−1

(𝑡 + 1)𝑥+𝑦
𝑑𝑡

∞

0

 

Let us try to bring the given integral to this form. We introduce a substitution 

𝑡 =
1 − 𝑥4

1 + 𝑥4
 

Let us see how to change the integrand and the boundaries of integration. 

1. Integration limits. 

𝑥 = 0 → 𝑡 =
1 − 04

1 + 04
= 1 → 𝑥 = 0 → 𝑡 = 1  

𝑥 = 1 → 𝑡 =
1 − 14

1 + 14
=
1 − 1

1 + 1
=
0

2
= 0 → 𝑥 = 1 → 𝑡 = 0  

2. Integrand. 

𝑡 =
1 − 𝑥4

1 + 𝑥4
→ 𝑡(1 + 𝑥4) = 1 − 𝑥4 → 𝑡 + 𝑡𝑥4 = 1 − 𝑥4 → 𝑡𝑥4 + 𝑥4 = 1 − 𝑡 → 

𝑥4(𝑡 + 1) = 1 − 𝑡 → 𝑥4 =
1 − 𝑡

1 + 𝑡
→ 𝑥 = (

1 − 𝑡

1 + 4
)

1
4

 

𝑥 = (
1 − 𝑡

1 + 4
)

1
4
→ 𝑑𝑥 =

1

4
⋅ (
1 − 𝑡

1 + 𝑡
)

1
4
−1 

⋅
−1 ⋅ (𝑡 + 1) − 1 ⋅ (1 − 𝑡)

(1 + 𝑡)2
𝑑𝑡 → 

𝑑𝑥 =
1

4
⋅ (
1 − 𝑡

1 + 𝑡
)
−
3
4
 

⋅
−𝑡 − 1 − 1 + 𝑡

(1 + 𝑡)2
𝑑𝑡 → 𝑑𝑥 =

1

4
⋅ (
1 − 𝑡

1 + 𝑡
)
−
3
4
 

⋅
−2

(1 + 𝑡)2
𝑑𝑡 → 



𝑑𝑥 = −
1

2
⋅ (
1 − 𝑡

1 + 𝑡
)
−
3
4
 

⋅
𝑑𝑡

(1 + 𝑡)2
 

1 − 𝑥4 = 1 −
1 − 𝑡

1 + 𝑡
=
1 + 𝑡 − (1 − 𝑡)

1 + 𝑡
=
1 + 𝑡 − 1 + 𝑡

1 + 𝑡
=

2𝑡

1 + 𝑡
→ 1 − 𝑥4 =

2𝑡

1 + 𝑡
 

1 + 𝑥4 = 1 +
1 − 𝑡

1 + 𝑡
=
1 + 𝑡 + (1 − 𝑡)

1 + 𝑡
=
1 + 𝑡 + 1 − 𝑡

1 + 𝑡
=

2

1 + 𝑡
→ 1 + 𝑥4 =

2

1 + 𝑡
 

Then 

(1 − 𝑥4)
3
4

(1 + 𝑥4)2
𝑑𝑥 =

(
2𝑡
1 + 𝑡)

3
4

(
2

1 + 𝑡)
2 ⋅ (−

1

2
) ⋅ (

1 − 𝑡

1 + 𝑡
)
−
3
4
 

⋅
𝑑𝑡

(1 + 𝑡)2
→ 

(1 − 𝑥4)
3
4

(1 + 𝑥4)2
𝑑𝑥 = −

1

2
⋅
(2𝑡)

3
4 ⋅ (1 + 𝑡)2

22 ⋅ (1 + 𝑡)
3
4

⋅
(1 − 𝑡)−

3
4

(1 + 𝑡)−
3
4

⋅
𝑑𝑡

(1 + 𝑡)2
→ 

(1 − 𝑥4)
3
4

(1 + 𝑥4)2
𝑑𝑥 = −

1

21
⋅
2
3
4 ⋅ (𝑡)

3
4

22
⋅
(1 − 𝑡)−

3
4

(1 + 𝑡)
3
4
−
3
4⏟      

=(1+𝑡)0≡1

⋅
(1 + 𝑡)2

(1 + 𝑡)2⏟    
≡1

𝑑𝑡 → 

(1 − 𝑥4)
3
4

(1 + 𝑥4)2
𝑑𝑥 = −2

3
4
−1−2 ⋅ 𝑡

3
4 ⋅ (1 − 𝑡)−

3
4 ⋅ 𝑑𝑡 = −2

3
4
−1−2 ⋅ 𝑡

7
4
−1 ⋅ (1 − 𝑡)

1
4
−1 ⋅ 𝑑𝑡 → 

(1 − 𝑥4)
3
4

(1 + 𝑥4)2
𝑑𝑥 = −2

3−4−8
4 ⋅ 𝑡

7
4
−1 ⋅ (1 − 𝑡)

1
4
−1 ⋅ 𝑑𝑡 → 

(1 − 𝑥4)
3
4

(1 + 𝑥4)2
𝑑𝑥 = −2

−9
4 ⋅ 𝑡

7
4
−1 ⋅ (1 − 𝑡)

1
4
−1 ⋅ 𝑑𝑡  

Then 

∫
(1 − 𝑥4)

3
4

(1 + 𝑥4)2

1

0

𝑑𝑥 = ∫−2
−9
4 ⋅ 𝑡

7
4
−1 ⋅ (1 − 𝑡)

1
4
−1 ⋅ 𝑑𝑡 →

0

1

 

[
 
 
 
𝑊𝑒 𝑢𝑠𝑒 𝑡ℎ𝑒 𝑛𝑒𝑥𝑡 𝑝𝑟𝑜𝑝𝑒𝑟𝑡𝑦 𝑜𝑓 𝑎 𝑑𝑒𝑓𝑖𝑛𝑖𝑡𝑒 𝑖𝑛𝑡𝑒𝑔𝑟𝑎𝑙

∫𝑓(𝑥)𝑑𝑥

𝑏

𝑎

= −∫𝑓(𝑥)𝑑𝑥

𝑎

𝑏 ]
 
 
 
 

 

Then 

 



∫
(1 − 𝑥4)

3
4

(1 + 𝑥4)2

1

0

𝑑𝑥 = −(−2−
9
4)∫ 𝑡

7
4
−1 ⋅ (1 − 𝑡)

1
4
−1 ⋅ 𝑑𝑡

1

0

≡ 2−
9
4 ⋅ 𝐵 (

7

4
,
1

4
) 

Conclusion, 

∫
(1 − 𝑥4)

3
4

(1 + 𝑥4)2

1

0

𝑑𝑥 = 2−
9
4 ⋅ 𝐵 (

7

4
,
1

4
)  

ANSWER: 

∫
(1 − 𝑥4)

3
4

(1 + 𝑥4)2

1

0

𝑑𝑥 = 2−
9
4 ⋅ 𝐵 (

7

4
,
1

4
) 
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