
Answer on Question #79725 – Math – Differential Equation 
 

Question 
 

Differential equations in the form of 𝐹(𝑥, 𝑦, 𝑝), 𝐹(𝑦/𝑥, 𝑝) or differential equations containing 
𝑝(𝑝 = 𝑑𝑦/𝑑𝑥) 
 
1.  

4𝑦𝑝2 + 2𝑥𝑝 − 𝑦 = 0 
 

 
Solution 

 
𝑦(4𝑝2 − 1) + 2𝑥𝑝 = 0 

 

𝑦 =
2𝑥𝑝

1 − 4𝑝2
 

 
𝑑𝑦

𝑑𝑥
= 𝑝 =

2𝑝

1 − 4𝑝2
+ 2𝑥

𝑝′(𝑥)(1 − 4𝑝2) + 8𝑝𝑝′(𝑥)

(1 − 4𝑝2)2
 

 

𝑝 −
2𝑝

1 − 4𝑝2
= 2 ∙

1 − 4𝑝2 + 8𝑝

(1 − 4𝑝2)2
𝑥𝑝′(𝑥) 

 
𝑝 − 4𝑝3 − 2𝑝

1 − 4𝑝2
= 2 ∙

1 − 4𝑝2 + 8𝑝

(1 − 4𝑝2)2
𝑥𝑝′(𝑥) 

 
𝑑𝑥

2𝑥
=

4𝑝2 − 8𝑝 − 1

𝑝(1 + 4𝑝2)(1 − 4𝑝2)
𝑑𝑝 

 

∫
𝑑𝑥

2𝑥
= ∫

4𝑝2 − 8𝑝 − 1

𝑝(1 + 4𝑝2)(1 − 2𝑝)(1 + 2𝑝)
𝑑𝑝 

 
𝐴

𝑝
+

𝐵𝑝 + 𝐶

1 + 4𝑝2
+

𝐷

1 − 2𝑝
+

𝐸

1 + 2𝑝
=

4𝑝2 − 8𝑝 − 1

𝑝(1 + 4𝑝2)(1 − 2𝑝)(1 + 2𝑝)
 

 
𝐴(1 + 4𝑝2)(1 − 4𝑝2) + (𝐵𝑝 + 𝐶)𝑝(1 − 4𝑝2) + 𝐷𝑝(1 + 4𝑝2)(1 + 2𝑝) + 

 
+𝐸𝑝(1 + 4𝑝2)(1 − 2𝑝) = 4𝑝2 − 8𝑝 − 1 

 
So, we have 
 

−16𝐴 − 4𝐵 + 8𝐷 − 8𝐸 = 0 



 
−4𝐶 + 4𝐷 + 4𝐸 = 0 

 
𝐵 + 2𝐷 − 2𝐸 = 4 

 
𝐶 + 𝐷 + 𝐸 = −8 

 
𝐴 = −1 

 
Then: 
 

4 − 𝐵 + 2𝐷 − 2𝐸 = 0 
 

−𝐶 + 𝐷 + 𝐸 = 0 
 

𝐵 + 2𝐷 − 2𝐸 = 4 
 

𝐶 + 𝐷 + 𝐸 = −8 
 
Solving the given system: 
 

𝐶 = −4 
 

𝐵 = 4 
 

{
𝐷 = 𝐸

𝐷 + 𝐸 = −4
 ⇒ 𝐷 = 𝐸 = −2  

 
So far: 
 

∫
𝑑𝑥

2𝑥
= ∫ (−

1

𝑝
+ 4 ∙

𝑝 − 1

1 + 4𝑝2
−

2

1 − 2𝑝
−

2

1 + 2𝑝
) 𝑑𝑝 

 

∫
𝑝 − 1

1 + 4𝑝2
𝑑𝑝 = ∫

𝑑(𝑝2)

2(1 + 4𝑝2)
𝑑𝑝 − ∫

𝑑𝑝

1 + 4𝑝2
=

1

8
ln(1 + 4𝑝2) −

1

2
tan−1 2𝑝 

 
Answer: 
 

ln 2𝑥 = − ln 𝑝 + ln(1 − 2𝑝) − ln(1 + 2𝑝) +
1

2
ln(1 + 4𝑝2) − 2 tan−1 2𝑝 + 𝑐 

 
 
 
 



Question 
 
2.  

𝑥2𝑝2 + 3𝑥𝑦𝑝 + 2𝑦2 = 0 
 

Solution 
 

(𝑥𝑝 + 𝑦)2 + 𝑥𝑦𝑝 + 𝑦2 = 0 
 

(𝑥𝑝 + 𝑦)2 + 𝑦(𝑥𝑝 + 𝑦) = 0 
 

(𝑥𝑝 + 𝑦)(𝑥𝑝 + 2𝑦) = 0 
 
Case 1: 
 

𝑥𝑝 + 𝑦 = 0 
 

𝑝 =
𝑑𝑦

𝑑𝑥
= −

𝑦

𝑥
 

 
ln 𝑦 = − ln 𝑥 + ln 𝑐 

 
𝑥𝑦 = 𝑐 

 
Case 2: 
 

𝑥𝑝 + 2𝑦 = 0 
 

𝑝 =
𝑑𝑦

𝑑𝑥
= −

2𝑦

𝑥
 

 
ln 𝑦 = −2 ln 𝑥 + ln 𝑐 

 
𝑥2𝑦 = 𝑐 

 
 
 
 
 
 
 
 
 
 



Question 
 

3. 
𝑥2𝑝2 − 2𝑝(𝑥𝑦 − 2) + 2𝑦2 = 0 

 
Solution 

 
𝑢 = 𝑦, 𝑣 = 𝑥𝑦 

 
𝑑𝑣

𝑑𝑥
= 𝑥𝑝 + 𝑦 

 

𝑃 =
𝑑𝑣

𝑑𝑢
=

𝑥𝑝 + 𝑦

𝑝
 

 

𝑝 =
𝑦

𝑃 − 𝑥
 

 
𝑥2𝑝2 − 2𝑝𝑥𝑦 + 4𝑝 + 2𝑦2 = 0 

 
𝑥2𝑦2

(𝑃 − 𝑥)2
−

2𝑥𝑦2

𝑃 − 𝑥
+

4𝑦

𝑃 − 𝑥
+ 2𝑦2 = 0 

 
𝑥2𝑦2 + (4𝑦 − 2𝑥𝑦2)(𝑃 − 𝑥) + 2𝑦2(𝑃 − 𝑥)2 = 0 

 
𝑥2𝑦2 − 4𝑥𝑦 + 4𝑃𝑦 + 2𝑥2𝑦2 − 2𝑃𝑥𝑦2 + 2𝑥2𝑦2 − 4𝑃𝑥𝑦2 + 2𝑦2𝑃2 = 0 

 
−4𝑥𝑦 + 4𝑃𝑦 + 5𝑥2𝑦2 − 6𝑃𝑥𝑦2 + 2𝑦2𝑃2 = 0 

 
5𝑣2 − 4𝑣 + 4𝑃𝑢 − 6𝑃𝑢𝑣 − 2𝑢2𝑃2 = 0 

 
The solution of this equation cannot be determined. 
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