
ANSWER on Question #79724 – Math – Differential Equations 

QUESTION 

 

differential equations in the form of 𝐹(𝑥, 𝑦, 𝑝), 𝐹(𝑦/𝑥, 𝑝) or differential equations containing 𝑝(𝑝 = 𝑑𝑦/𝑑𝑥) 

𝟏. (𝑦 − 𝑥𝑝)2 = 𝑏2 + 𝑎2𝑝2 

𝟐. 𝑦2𝑝2 + 4𝑦2 − (𝑥 + 𝑦𝑝)2 = 0 

SOLUTION 

1. Solve equation 𝑦2𝑝2 + 4𝑦2 − (𝑥 + 𝑦𝑝)2 = 0 

 𝑦2𝑝2 + 4𝑦2 − (𝑥 + 𝑦𝑝)2 = 0 → 𝑦2𝑝2 + 4𝑦2 − 𝑥2 − 2𝑥𝑦𝑝 − 𝑦2𝑝2 = 0 → 2𝑥𝑦𝑝 = 4𝑦2 − 𝑥2 → 

2𝑥𝑦𝑝 = 4𝑦2 − 𝑥2| ÷ (𝑥) → 2𝑦𝑝 =
4𝑦2

𝑥
− 𝑥 → 2𝑦 ⋅

𝑑𝑦

𝑑𝑥
=

4𝑦2

𝑥
− 𝑥 𝑖𝑠 𝐵𝑒𝑟𝑛𝑜𝑢𝑙𝑙𝑖 𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑡𝑖𝑎𝑙 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛  

( More information: https://en.wikipedia.org/wiki/Bernoulli_differential_equation ) 

In our case, 

2𝑦 ⋅
𝑑𝑦

𝑑𝑥
=

4𝑦2

𝑥
− 𝑥 → [

𝑊𝑒 𝑖𝑛𝑡𝑟𝑜𝑑𝑢𝑐𝑒 𝑡ℎ𝑒 𝑠𝑢𝑏𝑠𝑡𝑖𝑡𝑢𝑡𝑖𝑜𝑛

𝑦2 = 𝑢 → 2𝑦 ⋅
𝑑𝑦

𝑑𝑥
=

𝑑𝑢

𝑑𝑥

] →
𝑑𝑢

𝑑𝑥
=

4𝑢

𝑥
− 𝑥 𝑖𝑠 𝑖𝑛ℎ𝑜𝑚𝑜𝑔𝑒𝑛𝑒𝑜𝑢𝑠 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛  

1 STEP: Solve the homogeneous equation 

𝑑𝑢

𝑑𝑥
=

4𝑢

𝑥
→

𝑑𝑢

𝑢
=

4𝑑𝑥

𝑥
→ ln|𝑢| = 4 ln|𝑥| + ln|𝐶| → 𝑢 = 𝐶 ⋅ 𝑥4 

2 STEP: Solve the inhomogeneous equation. 

We apply the method of variation of the constant. 

𝐶 = 𝐶(𝑥) → 𝑢 = 𝐶(𝑥) ⋅ 𝑥4 →
𝑑𝑢

𝑑𝑥
=

𝑑𝐶

𝑑𝑥
⋅ 𝑥4 + 4𝐶𝑥3 

Then, 

𝑑𝑢

𝑑𝑥
=

4𝑢

𝑥
− 𝑥 →

𝑑𝐶

𝑑𝑥
⋅ 𝑥4 + 4𝐶𝑥3 =

4𝐶 ⋅ 𝑥4

𝑥
− 𝑥 →

𝑑𝐶

𝑑𝑥
⋅ 𝑥4 + 4𝐶𝑥3 = 4𝐶𝑥3 − 𝑥 → 

𝑑𝐶

𝑑𝑥
⋅ 𝑥4 = −𝑥 → 𝑑𝐶 = −

𝑑𝑥

𝑥3
→ 𝐶(𝑥) =

1

2𝑥2
+ 𝐶  

https://en.wikipedia.org/wiki/Bernoulli_differential_equation


Conclusion, 

𝑢 = 𝐶(𝑥) ⋅ 𝑥4 = 𝑥4 ⋅ (
1

2𝑥2
+ 𝐶) → 𝑢 =

𝑥2

2
+ 𝐶 ⋅ 𝑥4  

Then, 

{
𝑢 =

𝑥2

2
+ 𝐶 ⋅ 𝑥4

𝑢 = 𝑦2

→ 𝑦2 =
𝑥2

2
+ 𝐶 ⋅ 𝑥4 → 𝑦 = ±√

𝑥2

2
+ 𝐶 ⋅ 𝑥4  

2. Solve equation (𝑦 − 𝑥𝑝)2 = 𝑏2 + 𝑎2𝑝2 

1 STEP: Let's look at this equation as an algebraic one. We express the variable 𝑦 in terms of 𝑥, 𝑝, 𝑎, 𝑏. 

(𝑦 − 𝑥𝑝)2 = 𝑏2 + 𝑎2𝑝2 → 𝑦 − 𝑥𝑝 = ±√𝑏2 + 𝑎2𝑝2 → 𝑦 = 𝑥𝑝 ± √𝑏2 + 𝑎2𝑝2  

2 STEP: We differentiate the resulting equation, remembering that 𝑝 =
𝑑𝑦

𝑑𝑥
⁄  

(𝑁𝑜𝑡𝑒: 𝑝′ =
𝑑𝑝

𝑑𝑥
) 

𝑑

𝑑𝑥
× |𝑦 = 𝑥𝑝 ± √𝑏2 + 𝑎2𝑝2 →

𝑑𝑦

𝑑𝑥
= 𝑝 =

𝑑

𝑑𝑥
(𝑥𝑝 ± √𝑏2 + 𝑎2𝑝2) = 𝑝 + 𝑥𝑝′ ±

2𝑎2𝑝 ⋅ 𝑝′

2√𝑏2 + 𝑎2𝑝2
→ 

𝑝 = 𝑝 + 𝑥𝑝′ ±
𝑎2𝑝 ⋅ 𝑝′

√𝑏2 + 𝑎2𝑝2
→ 𝑥𝑝′ ±

𝑎2𝑝 ⋅ 𝑝′

√𝑏2 + 𝑎2𝑝2
= 0 → 𝑝′ ⋅ (𝑥 ±

𝑎2𝑝

√𝑏2 + 𝑎2𝑝2
) = 0 → 

[

1 𝑐𝑎𝑠𝑒:   𝑝′ = 0

2𝑐𝑎𝑠𝑒:   𝑥 ±
𝑎2𝑝

√𝑏2 + 𝑎2𝑝2
= 0

 

1 case:   𝑝′ = 0 

𝑝′ = 0 → 𝑝 = 𝐶𝑜𝑛𝑠𝑡 = 𝐶1 → (𝑝 =
𝑑𝑦

𝑑𝑥
) →

𝑑𝑦

𝑑𝑥
= 𝐶1 → 𝑑𝑦 = 𝐶1𝑑𝑥 → 𝑦 = 𝐶1𝑥 + 𝐶2  

It remains to determine the constants 𝐶1 and 𝐶2. We substitute the solution found in the initial equation: 

{
(𝑦 − 𝑥𝑝)2 = 𝑏2 + 𝑎2𝑝2

𝑝 = 𝐶1

𝑦 = 𝐶1𝑥 + 𝐶2

→ (𝐶1𝑥 + 𝐶2 − 𝐶1𝑥)2 = 𝑏2 + 𝑎2𝐶1
2 → 𝐶2

2 = 𝑏2 + 𝑎2𝐶1
2 → 



{
𝐶1 = 𝑐

𝐶2 = ±√𝑏2 + 𝑎2𝑐2
→𝑦 = 𝑐𝑥 ± √𝑏2 + 𝑎2𝑐2  

2 case: 

𝑥 ±
𝑎2𝑝

√𝑏2 + 𝑎2𝑝2
= 0 → 𝑥 = ∓

𝑎2𝑝

√𝑏2 + 𝑎2𝑝2
| × √𝑏2 + 𝑎2𝑝2 → 𝑥√𝑏2 + 𝑎2𝑝2 = ∓𝑎2𝑝 → 

(𝑥√𝑏2 + 𝑎2𝑝2)
2

= (∓𝑎2𝑝)2 → 𝑥2(𝑏2 + 𝑎2𝑝2) = 𝑎4𝑝2 → 𝑥2𝑏2 + 𝑎2𝑥2𝑝2 = 𝑎4𝑝2 → 

𝑥2𝑏2 = 𝑎4𝑝2 − 𝑎2𝑥2𝑝2 → 𝑥2𝑏2 = 𝑎2(𝑎2 − 𝑥2)𝑝2| ÷ 𝑎2(𝑎2 − 𝑥2) → 𝑝2 =
𝑥2𝑏2

𝑎2(𝑎2 − 𝑥2)
→ 

√𝑝2 = √
𝑥2𝑏2

𝑎2(𝑎2 − 𝑥2)
→ 𝑝 = ±

𝑏

𝑎
⋅

𝑥

√𝑎2 − 𝑥2
→ (𝑝 =

𝑑𝑦

𝑑𝑥
) →

𝑑𝑦

𝑑𝑥
= ±

𝑏

𝑎
⋅

𝑥

√𝑎2 − 𝑥2
→ 

𝑑𝑦 = ±
𝑏

𝑎
⋅

𝑥 ⋅ 𝑑𝑥

√𝑎2 − 𝑥2
→ 𝑦 = ±

𝑏

𝑎
⋅ ∫

𝑥𝑑𝑥

√𝑎2 − 𝑥2
= [

𝑎2 − 𝑥2 = 𝑡

−2𝑥𝑑𝑥 = 𝑑𝑡 → 𝑥𝑑𝑥 = −
𝑑𝑡

2

] → 

𝑦 = ±
𝑏

𝑎
⋅ ∫

−
𝑑𝑡
2

√𝑡
→ 𝑦 = ∓

𝑏

𝑎
⋅ ∫

𝑑𝑡

2√𝑡
→ 𝑦 = ∓

𝑏

𝑎
⋅ √𝑡 + 𝐶𝑜𝑛𝑠𝑡 → 𝑦 = ∓

𝑏

𝑎
⋅ √𝑎2 − 𝑥2 + 𝐶𝑜𝑛𝑠𝑡  

Conclusion, 

[
 
 
 𝑦 = 𝑐𝑥 ± √𝑏2 + 𝑎2𝑐2

𝑜𝑟

𝑦 = ∓
𝑏

𝑎
⋅ √𝑎2 − 𝑥2 + 𝐶𝑜𝑛𝑠𝑡

 

ANSWER: 

1.  [

𝑦 = 𝑐𝑥 ± √𝑏2 + 𝑎2𝑐2

𝑜𝑟

𝑦 = ∓
𝑏

𝑎
⋅ √𝑎2 − 𝑥2 + 𝐶𝑜𝑛𝑠𝑡

 

2.  𝑦 = ±√
𝑥2

2
+ 𝐶 ⋅ 𝑥4 
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