
Answer on Question #79068 – Math – Calculus 

Question 

 

If 𝑦 = 𝑒𝑚 tan−1(𝑥), show that (1 + 𝑥2)𝑦𝑛+1 + 2(𝑛𝑥 − 𝑚)𝑦𝑛 + 𝑛(𝑛 − 1)𝑦𝑛−1 = 0 

 

Solution 

Leibnitz Theorem 
𝑑𝑛

𝑑𝑥𝑛
(𝑢𝑣) = 𝑢𝑛𝑣 + (

𝑛
1

) 𝑢𝑛−1𝑣1 + (
𝑛
2

) 𝑢𝑛−2𝑣2 + ⋯ + (
𝑛
𝑟

) 𝑢𝑛−𝑟𝑣𝑟 + ⋯ + (
𝑛
𝑛

) 𝑢𝑣𝑛 

 

𝑦 = 𝑒𝑚 tan−1(𝑥) 

𝑦1 =
𝑚𝑒𝑚 tan−1(𝑥)

1 + 𝑥2
 

Then 

𝑦1(1 + 𝑥2) = 𝑚𝑒𝑚 tan−1(𝑥) 

𝑦1(1 + 𝑥2) = 𝑚𝑦 

Differentiate both sides of the equation 𝑛 times with respect to 𝑥 
𝑑𝑛

𝑑𝑥𝑛
(𝑦1(1 + 𝑥2)) = 𝑚𝑦𝑛 

Let 𝑢 = 𝑦1, 𝑣 = 1 + 𝑥2. Then 

𝑢𝑛 = 𝑦𝑛+1 

𝑢𝑛−1 = 𝑦𝑛 

𝑢𝑛−1 = 𝑦𝑛−1 

⋯ 

 

𝑣1 = (1 + 𝑥2)′ = 2𝑥 

𝑣2 = (2𝑥)′ = 2 

𝑣3 = (2)′ = 0 

⋯ 

 
𝑑𝑛

𝑑𝑥𝑛
(𝑦1(1 + 𝑥2)) = 𝑢𝑛𝑣 + (

𝑛
1

) 𝑢𝑛−1𝑣1 + (
𝑛
2

) 𝑢𝑛−2𝑣2 + 0 = 

= 𝑦𝑛+1(1 + 𝑥2) + 𝑛𝑦𝑛(2𝑥) +
𝑛(𝑛 − 1)

2
𝑦𝑛−1(2) 

 

Hence 

𝑦𝑛+1(1 + 𝑥2) + 𝑛𝑦𝑛(2𝑥) +
𝑛(𝑛 − 1)

2
𝑦𝑛−1(2) = 𝑚𝑦𝑛 

 

𝒚𝒏+𝟏(𝟏 + 𝒙𝟐) + 𝒚𝒏(𝟐𝒏𝒙 − 𝒎) + 𝒏(𝒏 − 𝟏)𝒚𝒏−𝟏 = 𝟎 
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