
Answer on Question #79031 – Math – Calculus 

 

Question 

 

If 𝑓(𝑥, 𝑦) = {
𝑥 sin (

1

𝑦
) + 𝑦 sin (

1

𝑥
) , 𝑥𝑦 ≠ 0 

0,                                     𝑥𝑦 = 0

 then show that the repeated  

 limits of 𝑓  do not exist.  
Examine the function 𝑓 for simultaneous limit at the origin. 

 

 

Solution 

Consider 

lim
𝑦→0

(lim
𝑥→0

𝑓(𝑥, 𝑦)) = lim
𝑦→0

(

 
 

lim
𝑥→0

𝑦−𝑓𝑖𝑥𝑒𝑑
𝑦≠0

(𝑥 sin (
1

𝑦
) + 𝑦 sin (

1

𝑥
))

)

 
 

 

Suppose 𝑦 ≠
1

𝜋𝑛
 , 𝑛 ∈ 𝑍, then 

lim
𝑥→0

𝑦−𝑓𝑖𝑥𝑒𝑑
𝑦≠0

(𝑥 sin (
1

𝑦
) + 𝑦 sin (

1

𝑥
)) = lim

𝑥→0
𝑦−𝑓𝑖𝑥𝑒𝑑
𝑦≠0

(𝑥 sin (
1

𝑦
)) + lim

𝑥→0
𝑦−𝑓𝑖𝑥𝑒𝑑
𝑦≠0

(𝑦 sin (
1

𝑥
)) = 

= sin (
1

𝑦
) lim

𝑥→0
𝑦−𝑓𝑖𝑥𝑒𝑑
𝑦≠0

(𝑥) + 𝑦 lim
𝑥→0

𝑦−𝑓𝑖𝑥𝑒𝑑
𝑦≠0

(sin (
1

𝑥
)) = 0 + 𝑦 lim

𝑥→0
𝑦−𝑓𝑖𝑥𝑒𝑑
𝑦≠0

(sin (
1

𝑥
)) 

We know that lim
𝑥→0

(sin (
1

𝑥
))  does not exist: 

𝑥 =
1

𝜋𝑘
 , 𝑘 ∈ 𝑍 => lim

𝑥→0
(sin (

1

𝑥
)) = 0 

𝑥 =
1

𝜋
2
+ 2𝜋𝑘

 , 𝑘 ∈ 𝑍 => lim
𝑥→0

(sin (
1

𝑥
)) = 1 

Hence lim
𝑥→0

𝑦−𝑓𝑖𝑥𝑒𝑑
𝑦≠0

(𝑥 sin (
1

𝑦
) + 𝑦 sin (

1

𝑥
))  does not exist. 

Therefore, lim
𝑦→0

(lim
𝑥→0

𝑓(𝑥, 𝑦))  does not exist. 

Similarly, lim
𝑥→0

(lim
𝑦→0

𝑓(𝑥, 𝑦))  does not exist. 

 

lim
(𝑥,𝑦)→(𝑎,𝑏)

𝑓(𝑥, 𝑦) = 𝐿  if: 

 

∀휀 > 0 ∃𝛿 such that if (𝑥, 𝑦) ∈ 𝐷(𝑓) and 0 < √(𝑥 − 𝑎)2 + (𝑦 − 𝑏)2 < 𝛿 then 



|𝑓(𝑥, 𝑦) − 𝐿| < 휀 
Show that lim

(𝑥,𝑦)→(0,0)
𝑓(𝑥, 𝑦) = 0 

Given 휀 > 0. Let 𝛿 = 휀 2⁄ . Then for 0 < |𝑥| < 𝛿, 0 < |𝑦| < 𝛿 

|𝑓(𝑥, 𝑦) − 𝐿| = |𝑥 sin (
1

𝑦
) + 𝑦 sin (

1

𝑥
) − 0| ≤ |𝑥| |sin (

1

𝑦
)| + |𝑦| |sin (

1

𝑥
)| ≤ 

≤ |𝑥| ∙ 1 + |𝑦| ∙ 1 < 𝛿 + 𝛿 =
휀

2
+
휀

2
= 휀 

This means that 

lim
(𝑥,𝑦)→(0,0)

𝑓(𝑥, 𝑦) = 0. 
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