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Question. For any two sets A and B, in a universal set U , prove that

A ⊆ B ⇐⇒ A ∪B = B.

Answer. Assume that A and B are sets in a universal set U .
First, we will prove the implication from left to right. Assume that A ⊆ B.

We need to prove A ∪B = B which is equivalent to

x ∈ A ∪B ⇐⇒ x ∈ B

for every x ∈ U .

• (From left to right.) Let x ∈ A ∪ B. Then x ∈ A or x ∈ B by the
definition of union.

– Assume x ∈ A. Then x ∈ B by the assumption A ⊆ B.

– Assume x ∈ B. Then x ∈ B.

Hence in both cases x ∈ B.

• (From right to left.) If x ∈ B, then x ∈ A ∪ B by the definition of
union.

Second, we will prove the implication from right to left. Assume that
A ∪ B = B. We need to prove A ⊆ B. Let x ∈ A. Then x ∈ A ∪ B by
the definition of union. From the assumption A ∪ B = B, it follows that
x ∈ A ∪B implies x ∈ B for every x ∈ U . Hence x ∈ B.

1


