Answer on Question #78460 — Math — Algebra

Question
Let x4,..x, ER,n > 2, such that 0 <x; <x, <..<x,, and +— —t— =1,
1+x1 1+x2 1+xn
1 1
then show that vx; + Vx5 + ...+ Jx, = (n— 1) (ﬁ + ..+ \/T—n)
Solution
0) This problem originally appeared on the Vojtéch Jarnik Competition, in 2002.
1) Consider a case whenn = 2.
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2) First, assume that x; < 1 and i = 2, then L < ! + .. L <1- 1 % 11,
1+x; 1+x, 1+xn 1+xq 1+xq 1+x—1

thenx; > 1,and x; = 1/x;.
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Next, consider a sequence a; = /x; + N Itis obviousthat0 <1 <a; <a, <..<a,
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The Chebyshev's inequality gives that ), a; * Y. b; = ), <\/Z + %) x1=>n)ab; = nZ%. This

completes the proof.

Now, consider a sequence b; = It is obvious that by = b, > ... > b, > 0.



The equality holds if and only a; = a; or b; = b;. It is easy to see that the latter means that
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X, = x; = n — 1. The former yields one more case: x; <1 < - =X Since 1 = —+ (1n+x) =
1 - 2
X2

-1+ .
D22 it followsthatn — 1 = 1.
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Answer:

The statement can be proved using Chebyshev’s inequality. The equality holds if and only if
x1=xl-=n—1(n22)orx1<1<xi=x2(n=2).
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