
Answer on Question #77661 – Math – Differential Geometry | Topology 

Question 

 

Compute the first fundamental form and second fundamental form of the elliptical paraboloid σ(u,v)=(u, v,

〖 u〗^2+v^2)  

Solution 

𝜎𝑢 = (1,0,2𝑢), 𝜎𝑣 = (0,1,2𝑣), 

𝐸 = 𝜎𝑢
2 = (1,0,2𝑢)2 = 1 + 4𝑢2 

𝐹 = 𝜎𝑢𝜎𝑣 = (1,0,2𝑢)(0,1,2𝑣) = 4𝑣𝑢 

𝐺 = 𝜎𝑣
2 = (0,1,2𝑣)2 = 1 + 4𝑣2 

First fundamental form: 𝐼 = (1 + 4𝑢2)𝑑𝑢2 + 8𝑢𝑣𝑑𝑢𝑑𝑣 + (1 + 4𝑣2)𝑑𝑣2. 

𝜎𝑢 × 𝜎𝑣 = |
𝒊 𝒋 𝒌
1 0 2𝑢
0 1 2𝑣

| = |
0 2𝑢
1 2𝑣

| 𝒊 − |
1 2𝑢
0 2𝑣

| 𝒋 + |
1 0
0 1

| 𝒌 = −2𝑢𝒊 − 2𝑣𝒋 + 𝒌 = (−2𝑢, −2𝑣, 1) 

𝑛 =
𝜎𝑢 × 𝜎𝑣

√𝐸𝐺 − 𝐹2
= (−

2𝑢

√1 + 4𝑢2 + 4𝑣2
, −

2𝑣

√1 + 4𝑢2 + 4𝑣2
,

1

√1 + 4𝑢2 + 4𝑣2
) 

𝜎𝑢𝑢 = (0,0,2),  𝜎𝑢𝑣 = (0,0,0), 𝜎𝑣𝑣 = (0,0,2), 

𝐿 = (𝜎𝑢𝑢, 𝑛) =
2

√1 + 4𝑢2 + 4𝑣2
 

𝑀 = (𝜎𝑢𝑣 , 𝑛) = 0 

𝑁 = (𝜎𝑣𝑣, 𝑛) =
2

√1 + 4𝑢2 + 4𝑣2
 

Second fundamental form: II=
2

√1+4𝑢2+4𝑣2
 𝑑𝑢2 +

2

√1+4𝑢2+4𝑣2
 𝑑𝑣2. 

Answer: 𝐼 = (1 + 4𝑢2)𝑑𝑢2 + 8𝑢𝑣𝑑𝑢𝑑𝑣 + (1 + 4𝑣2)𝑑𝑣2,    II=
2

√1+4𝑢2+4𝑣2
 𝑑𝑢2 +

2

√1+4𝑢2+4𝑣2
 𝑑𝑣2. 
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