Question 1. If (a,) and (b,) are Cauchy sequences, show directly that (a,by,)
is also a Cauchy sequence.

Solution. First prove that each Cauchy sequence (z,,) is bounded. Fix ¢ > 0.
By the definition of Cauchy sequence there is N € N such that |z, —x,,| < €
for all m,n > N. Then for all n > N we have

|zn| = |2n — 2y + 28| < |z —an| + |2n| < e+ |zy]-

Therefore, |z,| < max{|xi|,..., |zn_1], |zNn] + €} < 0.

Now let (a,) and (b,) be Cauchy sequences. There are A, B > 0 such
that |a,| < A and |b,| < B for all n € N, as shown above. Fix £ > 0 and find
N1, N € N such that |a, — an| < 55 for all m,n > Ny and |b, — by| < 55
for all m,n > Ny. Set N = max{Ny, No}. Then for all m,n > N we have

‘anbn - CLmbm‘ = ‘an<bn - bm) + bm(an - am)’
< |a’n| : |bn - bm| + |bm| : |an - am|
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Thus, (a,b,) is Cauchy sequence. O
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