
Answer on Question #75616 – Math – Linear Algebra 

Question 

Determine all values of the constant 𝑎 for which the following system has (a) no 

solution, (b) an infinite number of solutions, and (c) a unique solution. 

𝑎𝑥1 + 𝑥2 + 𝑥3 = 1, 
𝑥1 + 𝑎𝑥2 + 𝑥3 = 1, 
𝑥1 + 𝑥2 + 𝑎𝑥3 = 1. 

Solution 

The coefficient matrix 

𝐴 = (
𝑎 1 1
1 𝑎 1
1 1 𝑎

) 

Find 

𝑑𝑒𝑡𝐴 = |
𝑎 1 1
1 𝑎 1
1 1 𝑎

| = 𝑎 |
𝑎 1
1 𝑎

| − |
1 1
1 𝑎

| + |
1 𝑎
1 1

| = 

= 𝑎(𝑎2 − 𝑎) − (𝑎 − 1) + (1 − 𝑎) = (𝑎 − 1)(𝑎(𝑎 + 1) − 2) = 

= (𝑎 − 1)2(𝑎 + 2) 
The linear system has a unique solution iff 𝑑𝑒𝑡𝐴 ≠ 0 

(𝑎 − 1)2(𝑎 + 2) ≠ 0 

𝑎 ≠ −2, 𝑎 ≠ 1 

If 𝑎 = 1 

𝑥1 + 𝑥2 + 𝑥3 = 1, 
𝑥1 + 𝑥2 + 𝑥3 = 1, 
𝑥1 + 𝑥2 + 𝑥3 = 1. 

There is one equation for three variables.  

The system has an infinite number of solutions. 

 

If 𝑎 = −2 

−2𝑥1 + 𝑥2 + 𝑥3 = 1, 
𝑥1 − 2𝑥2 + 𝑥3 = 1, 
𝑥1 + 𝑥2 − 2𝑥3 = 1. 

Add three equations 
(−2𝑥1 + 𝑥2 + 𝑥3) + (𝑥1 − 2𝑥2 + 𝑥3) + (𝑥1 + 𝑥2 − 2𝑥3) = 1 + 1 + 1 

We have 

0 = 3, 𝐹𝑎𝑙𝑠𝑒 

The system is inconsistent. Therefore, the system has no solutions. 

 

𝐀𝐧𝐬𝐰𝐞𝐫: 
(a)   If 𝑎 = −2, the system has no solution. 

(b)   If 𝑎 = 1, the system has an infinite number of solutions. 

(c)   If  𝑎 ≠ −2, 𝑎 ≠ 1 the system has a unique solution. 
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