
Answer on Question #74602 – Math – Algebra 

Question 

Prove that  

1

2
(𝑥 + 𝑦 + 𝑧) ≤

𝑥2

𝑦 + 𝑧
+

𝑦2

𝑥 + 𝑧
+

𝑧2

𝑥 + 𝑦
 , for 𝑥, 𝑦, 𝑧 > 0 

Solution 

Theorem (Cauchy-Schwarz inequality) 

Let 𝑎1, 𝑎2, … , 𝑎𝑛 and 𝑏1, 𝑏2, … , 𝑏𝑛 be real numbers. Then we have 
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Corollary 

Let 𝑎, 𝑏, 𝑥, 𝑦 be real numbers and  𝑢, 𝑣 > 0. Then we have 

𝑎2

𝑢
+

𝑏2

𝑣
≥

(𝑎 + 𝑏)2

𝑢 + 𝑣
 

Proof 

The given inequality is equivalent to 

𝑣(𝑢 + 𝑣)𝑎2 + 𝑢(𝑢 + 𝑣)𝑏2 ≥ 𝑢𝑣(𝑎 + 𝑏)2 

𝑎2𝑢𝑣 + 𝑎2𝑣2 + 𝑏2𝑢2 + 𝑏2𝑢𝑣 − 𝑎2𝑢𝑣 − 2𝑎𝑏𝑢𝑣 − 𝑏2𝑢𝑣 ≥ 0 

𝑎2𝑣2 + 𝑏2𝑢2 − 2𝑎𝑏𝑢𝑣 ≥ 0 

(𝑎𝑣 − 𝑏𝑢)2 ≥ 0, 
which is clearly true. 

 

Apply the inequality for 𝑎 = 𝑥, 𝑏 = 𝑦, 𝑢 = 𝑦 + 𝑧, 𝑣 = 𝑥 + 𝑧, 𝑥, 𝑦, 𝑧 > 0 

𝑥2

𝑦 + 𝑧
+

𝑦2

𝑥 + 𝑧
≥

(𝑥 + 𝑦)2

𝑥 + 𝑦 + 2𝑧
 

Apply the inequality for 𝑎 = 𝑥 + 𝑦, 𝑏 = 𝑧, 𝑢 = 𝑥 + 𝑦 + 2𝑧, 𝑣 = 𝑥 + 𝑦, 𝑥, 𝑦, 𝑧 > 0 

(𝑥 + 𝑦)2

𝑥 + 𝑦 + 2𝑧
+

𝑧2

𝑥 + 𝑦
≥

(𝑥 + 𝑦 + 𝑧)2

𝑥 + 𝑦 + 2𝑧 + 𝑥 + 𝑦
 

Hence 

𝑥2

𝑦 + 𝑧
+

𝑦2

𝑥 + 𝑧
+

𝑧2

𝑥 + 𝑦
≥

(𝑥 + 𝑦)2

𝑥 + 𝑦 + 2𝑧
+

𝑧2

𝑥 + 𝑦
≥

(𝑥 + 𝑦 + 𝑧)2

𝑥 + 𝑦 + 2𝑧 + 𝑥 + 𝑦
 

 

(𝑥 + 𝑦 + 𝑧)2

𝑥 + 𝑦 + 2𝑧 + 𝑥 + 𝑦
=

(𝑥 + 𝑦 + 𝑧)2

2(𝑥 + 𝑦 + 𝑧)
=

1

2
(𝑥 + 𝑦 + 𝑧) 

 

Therefore, we prove that 

𝑥2

𝑦 + 𝑧
+

𝑦2

𝑥 + 𝑧
+

𝑧2

𝑥 + 𝑦
≥

1

2
(𝑥 + 𝑦 + 𝑧), for 𝑥, 𝑦, 𝑧 > 0 
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