
Question #74300, Math / Differential Equations 

Identify the following differential equations and hence solve them 

1) 𝑦′ = −
4

𝑥2
−

𝑦

𝑥
+ 𝑦2 

2) 𝑦 =  𝑥𝑦′ + 1 − ln 𝑦′  

 

1.  

Solution 

𝑦′ = −
4

𝑥2
−

𝑦

𝑥
+ 𝑦2 

This is the first-order nonlinear ordinary differential equation 

𝑥2𝑦′ = −4 − 𝑥𝑦 + 𝑥2𝑦2 

𝑥2𝑦2 = 𝑥2𝑦′ + 𝑥𝑦 + 4 

𝑥2𝑦2 = 𝑥(𝑥𝑦′ + 𝑦) + 4 

 𝑥𝑦′ + 𝑦 = (𝑥𝑦)′ 

(𝑥𝑦)2 = 𝑥(𝑥𝑦)′ + 4 

Substitute  𝑧 = 𝑥𝑦 

𝑧2 = 𝑥𝑧′ + 4 

𝑥𝑧′ = 𝑧2 − 4 

𝑑𝑧

𝑧2 − 4
=

𝑑𝑥

𝑥
 

∫
𝑑𝑧

𝑧2 − 4
= ∫

𝑑𝑥

𝑥
 

1

4
ln (

𝑧 − 2

𝑧 + 2
) = ln 𝑥 + 𝐶 

ln (
𝑧 − 2

𝑧 + 2
) = ln 𝑥4 + 𝐶 

𝑧 − 2

𝑧 + 2
= 𝐶 𝑥4 

𝑧 − 2 = 𝐶 𝑥4(𝑧 + 2) 

𝑧(1 − 𝐶 𝑥4) = 2𝐶 𝑥4 + 2 

𝑧 =
2𝐶 𝑥4 + 2

1 − 𝐶 𝑥4
 



𝐺𝑒𝑡 𝑏𝑎𝑐𝑘 𝑡𝑜 𝑠𝑢𝑏𝑠𝑡𝑖𝑡𝑢𝑡𝑒 

𝑥𝑦 =
2𝐶 𝑥4 + 2

1 − 𝐶 𝑥4
 

𝑦 =
𝐶 𝑥4 + 2

𝑥(1 − 𝐶 𝑥4)
 

Answer: 

𝑦 =
𝐶 𝑥4 + 2

𝑥(1 − 𝐶 𝑥4)
 

 

2.   

Solution 

𝑦 =  𝑥𝑦′ + 1 − ln 𝑦′  

This is the Clero equation of the form 𝑦 =  𝑥 𝑦 ′ +  𝑓 (𝑦′). Parametrizize 

 

[
{

𝑦′ = 𝑝
𝑥 = 𝑥

𝑦 = 𝑥𝑝 + 1 − ln 𝑝

𝑑𝑦 = 𝑦′𝑑𝑥

 

𝑥𝑑𝑝 + 𝑝𝑑𝑥 −
𝑑𝑝

𝑝
= 𝑝𝑑𝑥 

𝑑𝑝(𝑥 −
1

𝑝
) = 0 

𝑑𝑝 = 0                                          𝑥 −
1

𝑝
= 0 

𝑝 = 𝐶                                             𝑝 =
1

𝑥
 

𝑦 = 𝐶𝑥 + 1 − ln 𝐶                   𝑦 = 2 + 𝑙𝑛𝑥 

Answer: 

[
𝑦 = 𝐶𝑥 + 1 − ln 𝐶

  𝑦 = 2 + 𝑙𝑛𝑥              
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