
Answer on Question #73767 – Math – Analytic Geometry 

QUESTION 

Check whether or not the conicoid represented by  

5𝑥2 + 4𝑦2 − 4𝑦𝑧 + 2𝑥𝑧 + 2𝑥 − 4𝑦 − 8𝑧 + 2 = 0 

is central or not. If it is, transform the equation by shifting the origin to the center. Else, 

change any one coefficient to make the equation that of a central conicoid. 

SOLUTION 

THEOREM 1 

The origin 𝑝. 𝑂(0,0,0) is a centre of the conicoid 

𝑎𝑥2 + 𝑏𝑦2 + 𝑐𝑧2 + 2𝑓𝑦𝑧 + 2𝑔𝑧𝑥 + 2ℎ𝑥𝑦 + 2𝑢𝑥 + 2𝑣𝑦 + 2𝑤𝑧 + 𝑑 = 0 

If and only if 

𝑢 = 𝑣 = 𝑤 = 0 

THEOREM 2 

A conicoid S, given by equation 

𝑎𝑥2 + 𝑏𝑦2 + 𝑐𝑧2 + 2𝑓𝑦𝑧 + 2𝑔𝑧𝑥 + 2ℎ𝑥𝑦 + 2𝑢𝑥 + 2𝑣𝑦 + 2𝑤𝑧 + 𝑑 = 0 

has the point 𝑃(𝑥0, 𝑦0, 𝑧0) as the center if and only if  

{

𝑎𝑥0 + ℎ𝑦0 + 𝑔𝑧0 + 𝑢 = 0
ℎ𝑥0 + 𝑏𝑦0 + 𝑓𝑧0 + 𝑣 = 0
𝑔𝑥0 + 𝑓𝑦0 + 𝑐𝑧0 +𝑤 = 0

 

Using these two theorems, we can solve the problem posed. 

We reduce the equation from the problem to the standard form: 

5𝑥2 + 4𝑦2 − 4𝑦𝑧 + 2𝑥𝑧 + 2𝑥 − 4𝑦 − 8𝑧 + 2 = 0 → 

5⏟
𝑎

𝑥2 + 4⏟
𝑏

𝑦2 + 0⏟
𝑐

𝑧2 + 2 ⋅ (−2)⏟
𝑓

𝑦𝑧 + 2 ⋅ (1)⏟
𝑔

𝑥𝑧 + 0⏟
ℎ

𝑥𝑦 + 



+2 ⋅ (1)⏟
𝑢

𝑥 + 2 ⋅ (−2)⏟
𝑣

𝑦 + 2 ⋅ (−4)⏟
𝑤

𝑧 + 2 = 0 

As we can see, 

{
𝑢 = 1 ≠ 0
𝑣 = −2 ≠ 0
𝑤 = −4 ≠ 0

→ 𝑂(0,0,0) 𝑖𝑠 𝑛𝑜𝑡 𝑡ℎ𝑒 𝑐𝑒𝑛𝑡𝑒𝑟 𝑜𝑓 𝑡ℎ𝑖𝑠 𝑠𝑢𝑟𝑓𝑎𝑐𝑒( 𝑏𝑦 𝑇𝐻𝐸𝑂𝑅𝐸𝑀 1) 

In order to find the center, it is necessary to solve the system 

{

𝑎𝑥0 + ℎ𝑦0 + 𝑔𝑧0 + 𝑢 = 0
ℎ𝑥0 + 𝑏𝑦0 + 𝑓𝑧0 + 𝑣 = 0
𝑔𝑥0 + 𝑓𝑦0 + 𝑐𝑧0 +𝑤 = 0

→ (𝑇𝐻𝐸𝑂𝑅𝐸𝑀 2) 

In our case, 

{

5𝑥0 + 0𝑦0 + 1𝑧0 + 1 = 0

0𝑥0 + 4𝑦0 + (−2)𝑧0 + (−2) = 0

1𝑥0 + (−2)𝑦0 + 0𝑧0 + (−4) = 0
→ {

5𝑥0 + 0𝑦0 + 1𝑧0 = −1

0𝑥0 + 4𝑦0 + (−2)𝑧0 = 2

1𝑥0 + (−2)𝑦0 + 0𝑧0 = 4
 

This system will be solved using Cramer's rule 

( More information: https://en.wikipedia.org/wiki/Cramer%27s_rule ) 

Δ = |
5 0 1
0 4 −2
1 −2 0

| = 

= 5 ⋅ 4 ⋅ 0 + 0 ⋅ (−2) ⋅ 1 + 0 ⋅ (−2) ⋅ 1 − 1 ⋅ 1 ⋅ 4 − 5 ⋅ (−2) ⋅ (−2) − 0 ⋅ 0 ⋅ 0 = 

= 0 + 0 + 0 − 4 − 20 − 0 = −24 

Δ = −24  

 

 

 

 

 

https://en.wikipedia.org/wiki/Cramer%27s_rule


Δ𝑥0 = |
−1 0 1
2 4 −2
4 −2 0

| = 

= (−1) ⋅ 4 ⋅ 0 + 2 ⋅ (−2) ⋅ 1 + 0 ⋅ (−2) ⋅ 4 − 1 ⋅ 4 ⋅ 4 − (−1) ⋅ (−2) ⋅ (−2) − 2 ⋅ 0 ⋅ 0 = 

= 0 − 4 + 0 − 16 + 4 − 0 = −16 

Δx0 = −16  

𝑥0 =
Δ𝑥0
Δ
=
−16

−24
=
2 ⋅ 8

3 ⋅ 8
=
2

3
→ 𝑥0 =

2

3
= 0. (6) ≈ 0.67  

Δ𝑦0 = |
5 −1 1
0 2 −2
1 4 0

| = 

= 5 ⋅ 2 ⋅ 0 + (−1) ⋅ (−2) ⋅ 1 + 0 ⋅ 1 ⋅ 4 − 1 ⋅ 2 ⋅ 1 − 5 ⋅ 4 ⋅ (−2) − (−1) ⋅ 0 ⋅ 0 = 

= 0 + 2 + 0 − 2 + 40 − 0 = 40 

Δy0 = 40  

𝑦0 =
Δ𝑦0
Δ
=

40

−24
= −

5 ⋅ 8

3 ⋅ 8
= −

5

3
→ 𝑦0 = −

5

3
= −1. (6) ≈ −1.67  

 

Δ𝑧0 = |
5 0 −1
0 4 2
1 −2 4

| = 

= 5 ⋅ 4 ⋅ 4 + (−1) ⋅ (−2) ⋅ 0 + 0 ⋅ 1 ⋅ 2 − 1 ⋅ 4 ⋅ (−1) − 5 ⋅ 2 ⋅ (−2) − 4 ⋅ 0 ⋅ 0 = 

= 80 − 0 + 0 + 4 + 20 − 0 = 104 

Δz0 = 104  

𝑧0 =
Δ𝑧0
Δ
=
104

−24
= −

8 ⋅ 13

8 ⋅ 3
= −

13

3
→ 𝑧0 = −

13

3
= −4. (3) ≈ −4.33  

 



Conclusion, 

𝑃 (
2

3
,−
5

3
,−
13

3
) 𝑖𝑠 𝑡ℎ𝑒 𝑐𝑒𝑛𝑡𝑒𝑟 𝑜𝑓 𝑡ℎ𝑒 𝑐𝑜𝑛𝑖𝑐𝑜𝑖𝑑  

In order for the conicoid to become central, it is necessary to apply a shift of the form 

{
 
 

 
 𝑋 = 𝑥 −

2

3

𝑌 = 𝑦 +
5

3

𝑍 = 𝑧 +
13

3

→

{
 
 

 
 𝑥 = 𝑋 +

2

3

𝑦 = 𝑌 −
5

3

𝑧 = 𝑍 −
13

3

 

Then, 

5𝑥2 + 4𝑦2 − 4𝑦𝑧 + 2𝑥𝑧 + 2𝑥 − 4𝑦 − 8𝑧 + 2 = 

= 5(𝑋 +
2

3
)
2

+ 4(𝑌 −
5

3
)
2

− 4(𝑌 −
5

3
) (𝑍 −

13

3
) + 2 (𝑋 +

2

3
) (𝑍 −

13

3
) + 

+2(𝑋 +
2

3
) − 4 (𝑌 −

5

3
) − 8 (𝑍 −

13

3
) + 2 = 

= 5(𝑋2 + 2𝑋 ⋅
2

3
+
4

9
) + 4 (𝑌2 − 2𝑌 ⋅

5

3
+
25

9
) − 4 (𝑌𝑍 −

13

3
𝑌 −

5

3
𝑍 +

65

9
) + 

+2(𝑋𝑍 −
13

3
𝑋 +

2

3
𝑍 −

26

9
) + 2𝑋 +

4

3
− 4𝑌 +

20

3
− 8𝑍 +

104

3
+ 2 = 

= 5𝑋2 +
20

3
𝑋 +

20

9
+ 4𝑌2 −

40

3
𝑌 +

100

9
− 4𝑌𝑍 +

52

3
𝑌 +

20

3
𝑍 −

260

9
+ 

+2𝑋𝑍 −
26

3
𝑋 +

4

3
𝑍 −

52

9
+ 2𝑋 +

4

3
− 4𝑌 +

20

3
− 8𝑍 +

104

3
+ 2 = 

= 5𝑋2 + 4𝑌2 − 4𝑌𝑍 + 2𝑋𝑍 + 𝑋 (
20

3
−
26

3
+ 2) + 𝑌 (−

40

3
+
52

3
− 4) + 

+𝑍 (
20

3
+
4

3
− 8) + (

20

9
+
100

9
−
260

9
−
52

9
+
4

3
+
20

3
+
104

3
+ 2) = 



= 5𝑋2 + 4𝑌2 − 4𝑌𝑍 + 2𝑋𝑍 + 𝑋 (
20 − 26 + 6

3
) + 𝑌 (

−40 + 52 − 12

3
) + 

+𝑍 (
20 + 4 − 24

3
) + (

20 + 100 − 260 − 52

9
+
4 + 20 + 104

3
+ 2) = 

= 5𝑋2 + 4𝑌2 − 4𝑌𝑍 + 2𝑋𝑍 + 0 ⋅ 𝑋 + 0 ⋅ 𝑌 + 0 ⋅ 𝑍 + (−
192

9
+
128

3
+ 2) = 

= 5𝑋2 + 4𝑌2 − 4𝑌𝑍 + 2𝑋𝑍 + 0 ⋅ 𝑋 + 0 ⋅ 𝑌 + 0 ⋅ 𝑍 + (
−192 + 3 ⋅ 128 + 2 ⋅ 9

9
) = 

= 5𝑋2 + 4𝑌2 − 4𝑌𝑍 + 2𝑋𝑍 + 0 ⋅ 𝑋 + 0 ⋅ 𝑌 + 0 ⋅ 𝑍 + (
−192 + 384 + 18

9
) = 

= 5𝑋2 + 4𝑌2 − 4𝑌𝑍 + 2𝑋𝑍 + 0 ⋅ 𝑋 + 0 ⋅ 𝑌 + 0 ⋅ 𝑍 +
210

9
= 

= 5𝑋2 + 4𝑌2 − 4𝑌𝑍 + 2𝑋𝑍 + 0 ⋅ 𝑋 + 0 ⋅ 𝑌 + 0 ⋅ 𝑍 +
70

3
 

Conclusion, 

5𝑥2 + 4𝑦2 − 4𝑦𝑧 + 2𝑥𝑧 + 2𝑥 − 4𝑦 − 8𝑧 + 2 = 0 → 5𝑋2 + 4𝑌2 − 4𝑌𝑍 + 2𝑋𝑍 +
70

3
= 0 

ANSWER 

1) The conicoid represented by  

5𝑥2 + 4𝑦2 − 4𝑦𝑧 + 2𝑥𝑧 + 2𝑥 − 4𝑦 − 8𝑧 + 2 = 0 

isn’t central. 

2) The point P is centre of the conicoid. 

𝑃 (
2

3
,−
5

3
,−
13

3
) 𝑖𝑠 𝑡ℎ𝑒 𝑐𝑒𝑛𝑡𝑒𝑟 𝑜𝑓 𝑡ℎ𝑒 𝑐𝑜𝑛𝑖𝑐𝑜𝑖𝑑 

3) it is necessary to apply a shift of the form 



{
 
 

 
 𝑥 = 𝑋 +

2

3

𝑦 = 𝑌 −
5

3

𝑧 = 𝑍 −
13

3

 

to make the conicoid central. 

5𝑥2 + 4𝑦2 − 4𝑦𝑧 + 2𝑥𝑧 + 2𝑥 − 4𝑦 − 8𝑧 + 2 = 0 → 5𝑋2 + 4𝑌2 − 4𝑌𝑍 + 2𝑋𝑍 +
70

3
= 0 
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