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Question 

Find equation of the osculating plane and osculating circle of the curve at the given 

point. 

𝛾(𝑡) = (2 sin 3𝑡 , 𝑡, 2 cos 3𝑡), (0, 𝜋, −2)  
 

                                                             Solution 

𝑟(𝑡) = 2 sin 3𝑡 𝑖 + 𝑡𝑗 + 2 cos 3𝑡 �⃗⃗� 

𝑟′⃗⃗⃗(𝑡) = 6 cos 3𝑡 𝑖 + 𝑗 − 6 sin 3𝑡 �⃗⃗� 

|𝑟′⃗⃗⃗⃗ (𝑡)| = √(6 cos 3𝑡)2 + (1)2 + (−6 sin 3𝑡)2 = 

= √36 cos2 3𝑡 + 36 sin2 3𝑡 + 1 = √36 + 1 = √37 

Unit tangent vector 

�⃗⃗�(𝑡) =
𝑟′⃗⃗⃗(𝑡)

|𝑟′⃗⃗⃗⃗ (𝑡)|
=

6

√37
cos 3𝑡 𝑖 +

1

√37
𝑗 −

6

√37
sin 3𝑡 �⃗⃗� 

𝑇′⃗⃗⃗⃗ (𝑡) = −
18

√37
sin 3𝑡 𝑖 + (0)𝑗 −

18

√37
cos 3𝑡 �⃗⃗� 

|𝑇′⃗⃗⃗⃗ (𝑡)| = √(−
18

√37
sin 3𝑡)

2

+ (−
18

√37
cos 3𝑡)

2

= 

= √
324

37
sin2 3𝑡 +

324

37
cos2 3𝑡 =

18

√37
 

 

Unit normal vector 

�⃗⃗⃗�(𝑡) =
𝑇′⃗⃗⃗⃗ (𝑡)

|𝑇′⃗⃗ ⃗⃗ (𝑡)|
= − sin 3𝑡 𝑖 − cos 3𝑡 �⃗⃗� 

“Binormal vector”: unit normal vector to osculating plane 

�⃗⃗�(𝑡) = �⃗⃗�(𝑡) × �⃗⃗⃗�(𝑡) 

�⃗⃗�(𝑡) = ||

𝑖 𝑗 �⃗⃗�
6

√37
cos 3𝑡

1

√37
−

6

√37
sin 3𝑡

− sin 3𝑡 0 − cos 3𝑡

|| = 

= 𝑖 (−
cos 3𝑡

√37
+ 0) + 𝑗 (

6

√37
sin2 3𝑡 +

6

√37
cos2 3𝑡) + �⃗⃗� (0 +

sin 3𝑡

√37
) = 

= −
cos 3𝑡

√37
𝑖 +

6

√37
𝑗 +

sin 3𝑡

√37
�⃗⃗� 

Point 𝑃(0, 𝜋, −2). Hence 𝑡 = 𝜋. 
𝑟(𝜋) = 〈0, 𝜋, −2〉 

𝑟′⃗⃗⃗(𝜋) = 6 cos(3𝜋) 𝑖 + 𝑗 − 6 sin(3𝜋) �⃗⃗� 



𝑟′⃗⃗⃗(𝜋) = 〈−6, 1, 0〉 
 

 

�⃗⃗�(𝑡) = −
cos(3𝜋)

√37
𝑖 +

6

√37
𝑗 +

sin(3𝜋)

√37
�⃗⃗� 

 

�⃗⃗�(𝑡) = 〈
1

√37
,

6

√37
, 0〉 

Osculating plane 

𝑎(𝑥 − 𝑥0) + 𝑏(𝑦 − 𝑦0) + 𝑐(𝑧 − 𝑧0) = 0 
1

√37
(𝑥 − 0) +

6

√37
(𝑦 − 𝜋) + (0)(𝑧 − (−2)) = 0 

𝑥 + 6𝑦 − 6𝜋 = 0   or   𝑥 + 6𝑦 = 6𝜋 

     
Osculating normal circle to the curve at the given point 𝑃 is the circle 

   passing through P 

   with the same unit tangent vector as curve, 

   the same unit normal vector as curve, 

   and the same curvature as curve 

Properties: 

Circle has radius 𝑅 where 

𝑅 =
1

𝑐𝑢𝑟𝑣𝑎𝑡𝑢𝑟𝑒
=

1

𝑘(𝑃)
 

Center is distance 1 𝑘(𝑃)⁄  from 𝑃 in direction of �⃗⃗⃗�(𝑃) 

𝑟𝐶⃗⃗⃗⃗ (𝑡) = 𝑟(𝑃) +
1

𝑘(𝑃)
�⃗⃗⃗�(𝑃) 

𝑘(𝑡) =
|𝑇′⃗⃗ ⃗⃗ (𝑡)|

|𝑟′⃗⃗⃗⃗ (𝑡)|
 

𝑘(𝑡) =

18

√37

√37
=

18

37
 

𝑘(𝜋) =
18

37
 

�⃗⃗⃗�(𝜋) = 〈0, 0, 1〉 

�⃗⃗�(𝜋) = 〈−
6

√37
,

1

√37
, 0〉 

Osculating circle has radius 

𝑅 =
1

18 37⁄
=

37

18
 

Osculating circle has center 

〈0, 𝜋, −2〉 +
37

18
〈0, 0, 1〉 = 〈0, 𝜋,

1

18
〉    



Osculating circle parametrized by 

𝑞(𝜃) = 〈0, 𝜋,
1

18
〉 +

37

18
(cos 𝜃 〈0, 0, 1〉 + sin 𝜃 〈−

6

√37
,

1

√37
, 0〉) 
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