ANSWER on Question #71910 — Math — Differential Geometry | Topology
QUESTION

Compute the curvature of the following curves

4 3
D y(t) = (gcost,l — sint,—gcos t)

2) y(t) = (t,cosht)
4
3)y(t) = = (cos3 t,sin3 t)
For the astroid in (3), show that the curvature tends to co as we approach one of the points
(£1,0), (0,£1)
SOLUTION

By the definition, we want to briefly discuss the curvature of a smooth curve (recall that for a

smooth curve we require r'(t) is continuous and r’(t) # 0 ). The curvature measures how fast

a curve is changing direction at a given point.

There are several formulas for determining the curvature for a curve. The formal definition of

curvature is,
dT

ds

Where T the unit tangent and s is the arc length.

In general the formal definition of the curvature is not easy to use so there are two alternate
formulas that we can use. Here they are.
T'(t)

0]

| |

k =

r'(t) X r”(t)l
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In our case,

1)
t _<4 t,1 int 3 t)
y(@) = gcost,1—sint,—¢cos
’(t)—(4't t3't>
y = 5sm ,— COS ,551n
ly' () = ( 4't>2+( t)2+<3't)2— 15'2t+ 2¢ 4 —sin? t =
% = 5sm cos 5sm = 25sm cos 25sm =
=\/sin2t+coszt=\ﬂ=1—> ly'(H)] =1
Y'(6) (—%sint,—cost,%sint) 4 3
T(t):h/’(t)lz 1 =(—§sint,—cost,§sint)
T'(t) = i t,sint 3 t
()—( £ CoSt, sin ,5cos)
IT' ()| = ( : t)2+(' t)2+<3 t)z— 10 cos? ¢ 4+ sin? £ + —cos? £ =
= 5cos sin 5cos = 25cos sin 25cos =
=\/coszt+sin2t=\/T=1—> IT'(t)| =1
Then,
@l _1_
ly'@l 1
Conclusion,

4 3
y(t) = (gcost,l —sint,—gcost) k=1




2)
y(t) = (t,cosht)
y'(t) = (1,sinht)

/] . h2 — Si h2 = 1
ly'(t)| = \/(1)2 + (sinh t)? = szshg . :SHll N zinhz t_)] = y/cosh?t = cosht

ly'(t)| = cosht

T(t) =

y'(t) (1,sinht) 1
= = ( ,tanh t)
ly' ()] cosht cosht

sinh t 1 )
cosh?t’cosh?t

. 2 2 .
T'(0)] = (_ smht> +( 1 ) _ 1+51nh2t: [coshzt—sinh2t= 1-]_
cosh?t cosh? t cosh* t cosh?t =1+ sinh?t
cosh?t 1 1 (o) 1
= —_— = - =
cosh*t cosh?t cosht cosht

1
_ |T,(t)| _ cosht _ 1
ly’(t)] cosht cosh?t

T'(t) = (—

Then,

k

Conclusion,

1

y(t) = y(t) = (t,cosht) - k = oshZt




3)

4
y(t) = = (cos3 t,sin3 t)
4
y'(t) = £ (3 cos?t (—sint),3sin?tcost)
2-3
y'(t) = = ((— cost)(2costsint),sint (2sint cos t))

6
y'(t) = = ((—cost) sin 2¢, sin t sin 2t)

4
ly' (O] = E\/(S cos? t (—sin t))2 + (3sin? tcost)? =

4 2
=z 3\/cos4 tsin?t + sin*tcos?t = ?\/cos2 t sin?t (cos?t + sin?t) =
12 ————— 12 _ 6 _ 6
= ?\/cos tsin?t = ?costsmt =z (2costsint) = T sin 2t
/ 6 .
ly'(t)| = g-sm2t
o) — Y (t) _g((—cost)sinZt,sintsinZt) _ _
£ Sin 2t
T'(t) = (sint,cost)
IT'(t)] = \/(sin t)? + (cost)? = \/cos2 t+sin?t=1
IT"@®) =1
Then,
Tl 1 5
ly’(t)| g-sinZt 6 sin 2t
Conclusion,

4
y@®) =y() = g(cos3 t,sin3t) - k = Csin gt




For the astroid in (3), show that the curvature tends to co as we approach one of the points
(£1,0), (0,£1)

If we approach the point (1,0) - this means that t = 0

Then,
limk = 1 5 5 5 5
= = = = = 00
50 T t06sin2t  6-sin(2-0) 6-sin0 _ 6-0
If we approach the point (0,1) - this means that t = 7T/Z
: : 5 5 5 5
llrptk = lim = ©

£ t_,g6sin2t_6,sin(2,%)_6-sin7t_6-0
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