
Answer on Question #71038 – Math – Differential Equations 

 

Question 

 
(1 + 𝑦𝑥)𝑥𝑑𝑦 + (1 − 𝑦𝑥)𝑦𝑑𝑥 = 0 

 

Solution 

𝑃(𝑥, 𝑦) = (1 − 𝑦𝑥)𝑦,   
𝜕𝑃

𝜕𝑦
= 1 − 𝑦𝑥 − 𝑥𝑦 = 1 − 2𝑥𝑦 

𝑄(𝑥, 𝑦) = (1 + 𝑦𝑥)𝑥,   
𝜕𝑄

𝜕𝑥
= 1 + 𝑦𝑥 + 𝑦𝑥 = 1 + 2𝑥𝑦 

𝜕𝑃

𝜕𝑦
−

𝜕𝑄

𝜕𝑥
= 1 − 2𝑥𝑦 − (1 + 2𝑥𝑦) = −4𝑥𝑦 

𝑄𝑦 − 𝑃𝑥 = (1 + 𝑥𝑦)𝑥𝑦 − (1 − 𝑥𝑦)𝑥𝑦 = 2(𝑥𝑦)2 

 
1

𝑄𝑦 − 𝑃𝑥
(

𝜕𝑃

𝜕𝑦
−

𝜕𝑄

𝜕𝑥
) =

−4𝑥𝑦

2(𝑥𝑦)2
= −

2

𝑥𝑦
= 𝑓(𝑥𝑦) 

Integrating factor: 𝑀(𝑥, 𝑦) = 𝑀(𝑥𝑦) 

𝑀 (
𝜕𝑃

𝜕𝑦
−

𝜕𝑄

𝜕𝑥
) = 𝑄

𝜕𝑀

𝜕𝑥
− 𝑃

𝜕𝑀

𝜕𝑦
 

𝜕𝑀

𝜕𝑥
=

𝑑𝑀

𝑑(𝑥𝑦)
𝑦,   

𝜕𝑀

𝜕𝑦
=

𝑑𝑀

𝑑(𝑥𝑦)
𝑥 

𝑀(−4𝑥𝑦) = (1 + 𝑦𝑥)𝑥𝑦
𝑑𝑀

𝑑(𝑥𝑦)
− (1 − 𝑦𝑥)𝑦𝑥

𝑑𝑀

𝑑(𝑥𝑦)
 

𝑀(−4𝑥𝑦) = 2(𝑥𝑦)2
𝑑𝑀

𝑑(𝑥𝑦)
 

𝑑𝑀

𝑀
= −2

𝑑(𝑥𝑦)

𝑥𝑦
 

∫
𝑑𝑀

𝑀
= ∫ −2

𝑑(𝑥𝑦)

𝑥𝑦
 

𝑀 =
1

(𝑥𝑦)2
 

We have the total differential 
1

(𝑥𝑦)2
(1 + 𝑦𝑥)𝑥𝑑𝑦 +

1

(𝑥𝑦)2
(1 − 𝑦𝑥)𝑦𝑑𝑥 = 0 

(
1

𝑥𝑦2
+

1

𝑦
) 𝑑𝑦 + (

1

𝑥2𝑦
−

1

𝑥
) 𝑑𝑥 = 0 

𝑃1(𝑥, 𝑦) =
1

𝑥2𝑦
−

1

𝑥
,   

𝜕𝑃1

𝜕𝑦
= −

1

𝑥2𝑦2
 

𝑄1(𝑥, 𝑦) =
1

𝑥𝑦2
+

1

𝑦
,   

𝜕𝑄1

𝜕𝑥
= −

1

𝑥2𝑦2
 



𝜕𝑃1

𝜕𝑦
=

𝜕𝑄1

𝜕𝑥
 

 

𝑑𝐹(𝑥, 𝑦) = (
1

𝑥2𝑦
−

1

𝑥
) 𝑑𝑥 + (

1

𝑥𝑦2
+

1

𝑦
) 𝑑𝑦 

𝐹 = ∫ (
1

𝑥2𝑦
−

1

𝑥
) 𝑑𝑥 = −

1

𝑥𝑦
− ln|𝑥| + 𝜑(𝑦) 

𝜕𝐹

𝜕𝑦
=

1

𝑥𝑦2
+ 𝜑𝑦

′ (𝑦) =
1

𝑥𝑦2
+

1

𝑦
 

𝜑(𝑦) = ∫ (
1

𝑦
) 𝑑𝑦 = ln|𝑦| − 𝐶 

Thus, 

𝐹(𝑥, 𝑦) = −
1

𝑥𝑦
− ln|𝑥| + ln|𝑦| − 𝐶 

𝐹(𝑥, 𝑦) = −
1

𝑥𝑦
+ ln |

𝑦

𝑥
| − 𝐶 

or 

−
1

𝑥𝑦
+ ln |

𝑦

𝑥
| − 𝐶 = 0 

Answer:  −
1

𝑥𝑦
+ ln |

𝑦

𝑥
| − 𝐶 = 0. 
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