
 

 

Answer on Question #67465 – Math – Linear Algebra 

Question 

Let 𝑉 be the set of all functions that are twice differentiable in ℝ and 

 𝑆 = {cos 𝑥 , sin 𝑥 , 𝑥 cos 𝑥 , 𝑥 sin 𝑥}. 

a) Check that 𝑆 is a linearly independent set over ℝ. (Hint: Consider the equation 

 𝑎0 cos 𝑥 + 𝑎1 sin 𝑥 + 𝑎2𝑥 cos 𝑥 + 𝑎3𝑥 sin 𝑥. 

    Put 𝑥 = 0, 𝜋,
𝜋

2
,
𝜋

4
 etc and solve for 𝑎𝑖.) 

b) Let 𝑉 = [𝑆] and let 𝑇: 𝑉 → 𝑉 be the function defined by 𝑇(𝑓(𝑥)) =
𝜕2

𝜕𝑥2
𝑓(𝑥) + 2

𝜕

𝜕𝑥
𝑓(𝑥). Check 

that 𝑇 is a linear transformation on 𝑉. 

Solution 

a) 𝑎0 cos 𝑥 + 𝑎1 sin 𝑥 + 𝑎2𝑥 cos 𝑥 + 𝑎3𝑥 sin 𝑥 = 0. 

For 𝑥 = 0: 

𝑎0 cos 0 + 𝑎1 sin 0 + 𝑎2 ∙ 0 ∙ cos 0 + 𝑎3 ∙ 0 ∙ sin 0 = 0 → 

𝑎0 + 0𝑎1 + 0𝑎2 + 0𝑎3 = 0 → 
𝑎0 = 0. 

For 𝑥 = 𝜋: 

𝑎1 sin 𝜋 + 𝑎2 ∙ 𝜋 ∙ cos 𝜋 + 𝑎3 ∙ 𝜋 ∙ sin 𝜋 = 0 → 

0𝑎1 − 𝜋𝑎2 + 0𝑎3 = 0 → 

𝑎2 = 0. 

For 𝑥 =
𝜋

2
: 

𝑎1 sin
𝜋

2
+ 𝑎3 ∙

𝜋

2
∙ sin

𝜋

2
= 0 → 

𝑎1 +
𝜋

2
𝑎3 = 0 → 

𝑎1 = −
𝜋

2
𝑎3. 

For 𝑥 =
𝜋

4
: 

(−
𝜋

2
𝑎3) sin

𝜋

4
+ 𝑎3 ∙

𝜋

4
∙ sin

𝜋

4
= 0 → 

2

√2
(−

𝜋

2
𝑎3) +

𝜋

4
∙
2

√2
𝑎3 = 0 → 

−
𝜋

2
𝑎3 +

𝜋

4
𝑎3 = 0 → 

−
𝜋

4
𝑎3 = 0 → 

𝑎3 = 0, 𝑎1 = −
𝜋

2
𝑎3 = 0. 

Thus, over ℝ the equation 𝑎0 cos 𝑥 + 𝑎1 sin 𝑥 + 𝑎2𝑥 cos 𝑥 + 𝑎3𝑥 sin 𝑥 = 0 has only the trivial 

solution 𝑎0 = 𝑎1 = 𝑎2 = 𝑎3 = 0, therefore 𝑆 is a linearly independent set over ℝ. 



 

 

b) Linear transformation is such that 

𝑇(𝑘𝑓) = 𝑘𝑇(𝑓), 𝑘 ∈ ℝ 

and 

𝑇(𝑓 + 𝑔) = 𝑇(𝑓) + 𝑇(𝑔). 

Since differentiation is a linear operation 

(𝑢 + 𝑣)′ = 𝑢′ + 𝑣′ and (𝑘𝑢)′ = 𝑘𝑢′, 

transformation 𝑇 is also linear. 
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