Answer on Question #66843 - Math — Differential Equations

Question
Obtain the Fourier series for the following periodic function which has a period of 2m:
f(x) = xA2 for - <x <m.

Solution
For the periodic function f(x) = x? which has a period of 2rn, — < x < 7, the Fourier series is
given by
1 c _
fx) = o + Z(ancosnx + b, sinnx)
n=1
where

17 1 [ 10
ao == jf(x)dx, a, = jf(x)cos(nx)dx, b, = Jf(x)sm(nx)dx

are the Fourier coefficients.

Find a,:
T
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Find a,:
T T
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a, = - fx cos(nx)dx =;jx cos(nx)dx
- 0

here we used that the integrand, x?cos(nx), is even. To find a,, we use integration by parts
s
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a, = E]x cos(nx)dx = %J x%d(sin(nx)) = —x sin(nx)|7 —%f 2xsin(nx)dx =
0 0

0
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= — (n?sin(nm) — 0) —— [ xd(—cos(nx)) = 0 + — [ xd(cos(nx)) =
mm mn2 n2
0 0
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= —xcos(nx)|§ —— | cos(nx)dx = — (mwcos(nm) — 0) — —=sin(nx)|§ =
mn2 n2 mn2 mn3
0

4
= ﬁcos(nn) - (sin(nm) — sin0) = = (-D"-0= (—1)”;

Find b,,:
s
1
b, = - fxzsin(nx)dx =0
-7
since the integrand, x?sin(nx), is odd.
So

(="
7 cosnx

w? -
f(x) = x? =?+4Z
n=1
Answer: Fourier series is
7.l'.Z e (_1)71
2
flx)=x°= ?+ 427cosnx
n=1
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