ANSWER on Question #66814, Math / Abstract Algebra
Consider the set X = R{—1}. Define x on X by

xl*xzle-l'xZ +x1XX2, vxl,xz eEX
1) check whether (X,*) is a group or not.
2) Provethat x s x xx*--xx=(14+x)"—1, VvneN andVx € X

n times

SOLUTION

1) By the definition, the (X,*) is a group If three conditions are satisfied
a)V(a,b,ceX):(axb)*xc=ax(b*c)
b)Je € X Va€ X:axe =e*a=a— identity element
CO)Va€X JaleX:axal=al+a=e—inverseelement
We begin to check the conditions. We will do this in order
a)
(1 * x2) * x3 = Xq * (x5 * X3)
(X1 *2x3) *x3 = (1 + x5 + X XXp) * X3 =
=X, + Xy + XXXy + X3+ (X + x5 + X Xx,)Xx5 =
=X1 + Xy + X1 XXy + X3+ X1 XX3 + Xy XX3 + X1 XXy XX3 =
=X1 + Xy + X3+ XXXy + X1 XX3 + Xy XX3 + X1 XXy XX3
On the other hand
x1 % (g % x3) = X1 * (X + X3 + X, Xx3) =
=X, + Xy + X3+ x3Xx3 + x; X (x5 + X3 + X, XX3) =
= X1+ Xy + X3+ X3 XX3 + X XXy + X1 XX3 + X1 XXy XX3
As we can see
(X1 *Xp) * X3 = X1 + Xy + X3 + X1 XXy + X XX35 + Xy XX3 + Xy XXy XXg =
= x1 * (x5 * x3)

Conclusion, the first condition is satisfied



b)Je € X Va € X:axe =e*a=a— identity element

As an identity element, we choose e = 0

We check that the condition is satisfied with such a choice of an identity element
a*0=a+0+axX0=a+0+0=a
Oxa=04+a+0xXa=0+a+0=a

As we can see,

ax0=0xa=a

What corresponds to the definition of an identity element.

Conclusion, the second condition is satisfied

CO)Va€X JaleX: axal=al+a=e—inverseelement

Our task is to find the inverse element. For this we use the definition

axa l=e
As was shown in b), the neutral element in this "group" is zero

Then,

a
axal=a+al+axal=0oa(l+a)=—-aeal=-
a+1
a
al=-— €EX
a+1
It remains to verify the execution of its properties
a a a
-1
axa ~=ax|— =a+(— +aX|— =
i *( a+1) ( a+1) ( a+1)
a a? ala+1) a a? a’+a—a—a? 0
B a+1 a+1 a+1 a+1 a+1 a+1 B
a a a
-1
a - *xa=\— *xq = — +a+|— Xa =
( a+1) a+1 ( a+1)
a a(a+1) a? —a+a®+a-—a?
a+1 a+1 a+1 a+1

Conclusion, the third condition is satisfied



ANSWER
(X,*) is a group

2) Provethatx s x xx*--xx=(14+x)"—1, YvneN andVx € X

n times

This formula will be proved by the method of mathematical induction

1 step: Basis of induction

n=1
1+x)t-1=14+x—-1=x
xxxxx*x-xx=(14+x)"—-1e X kX KX Kk X = X
n times n times

As we can see

xxxxx*x--xx=x=1+x)t-1
1 times

Conclusion, the formula is true forn = 1

n=2
(1+x)?—-1
xxxsx*x-*xxX=(14+x)"—1O{xsxsxs-rxx=2x%x
n times n times

(1+x)?—-1=1+2x+x%?—-1=2x+x?

X * X =x+x+ xXx =2x + x?
—_——
by the definition

AS we can see

xxx*xx*x--xx=2x+x2=(1+x)?-1
2 times

Conclusion, the formula is true for n = 2

2 step: Induction hypothesis




Suppose that the formula is true forn = k, vk € N

x*xx*sx*--xx=(1+x)F—1
k times

3 step: Inductive transition

It is necessary to prove that the formula is true forn = k 4+ 1, Vk € N,

xxxxx*-xx=(1+x)1t -1
k+1 times

using the inductive hypothesis

In our case,

x*x*x*---*xz<x*x*x*---*x>*x=((1+x)k—1)*x=

k+1 times k times

x; =1 +x)k-1
< X, = x )=x1+x2+x1><x2=
=1+ —1+x+ (1 +0) —Dxx=0+0)"—-1+x+xx(1+x)—x=
=1IxX(1+x)*+xx(1+x)*—14+x—x=1+x)x1+x)—1=
=1+x)k1 -1
Conclusion,

x*xkxxekx = (1+x)ft -1
k+1 times

Q.E.D
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