Answer on Question #66802, Math, Linear Algebra

Let T: R* - R* be defined by
T (xq, X2, X3, %4) = (—X2, X1, —X4, X3)
Check whether T is a linear operator and T* = I. Is T invertible?
Solution.
For linear operator A:
Alax + a'x") = aA(x) + a’A(x")
where x and x' are vectors in R*.
We have:
x = (x1,X2,X3,%4) ; X' = (—X2,%1,—X4, X3)
T(ax + a'x") =T(ax; — a’'xy, ax, + a'xq, ax; — a'xy, ax, + a'xs) =
= (—ax, —a'x;,ax; —a'xy, —ax, — a'xs, ax; —a'xy)
aT (x) = a(—xz,x1, —X4, X3)
a'T(x") = a'(—xq1, —x3, —Xx3,—X4)
(—ax, —a'xy, ax; — a'xy, —ax, — a'xs, axs — a'xy) = a(—xy,xq, —x4,x3) + a'(—x1, —X3, —X3, —X4)
So far, T is a linear operator.
T?(x1, X, X3, X4) = (=X1, =X, —X3, —X4)
T3 (%1, X2, X3, X4) = (X, =Xy, X4, —X3)
T*(x1, %2, X3, X4) = (X1, X2, X3, X4)
T*(x1, X2, X3, %a) = 1(X1, X2, X3, X4)
T* =1
We can write:

T_l(_xZ'xlf_xél»' X3) = (xl,xz,x3,x4)
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Then:
TT ™ (x1, X2, X3, X4) = (X1, X3, X3, X4)
T (x1, %2, X3, X4) = T (%, —X1, X4, —X3) = (X1, X2, X3, X4)
TT =TT =1

T is invertible.
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