
ANSWER on Question #66659 – Math – Differential Equations 

QUESTION 

True/false. Justify. The normal form of the differential equation 

𝑦′′ − 4𝑥𝑦′ + (4𝑥2 − 1)𝑦 = −3𝑒𝑥
2
sin 2𝑥 

is 

(
𝑑2𝑣

𝑑𝑥2
) + 𝑣 = −3 sin 2𝑥,     𝑤ℎ𝑒𝑟𝑒    𝑣 = 𝑦𝑒−𝑥

2
 

SOLUTION 

𝑣 = 𝑦𝑒−𝑥
2
  ↔    𝑦 = 𝑣𝑒𝑥

2
 

Then 

𝑦′ =
𝑑

𝑑𝑥
(𝑣𝑒𝑥

2
) = 𝑣′𝑒𝑥

2
+ 2𝑥𝑣𝑒𝑥

2
= (𝑣′ + 2𝑥𝑣)𝑒𝑥

2
 

𝑦′′ =
𝑑

𝑑𝑥
(𝑦′) =

𝑑

𝑑𝑥
((𝑣′ + 2𝑥𝑣)𝑒𝑥

2
) = 𝑒𝑥

2 𝑑

𝑑𝑥
(𝑣′ + 2𝑥𝑣) + 2𝑥(𝑣′ + 2𝑥𝑣)𝑒𝑥

2
= 

= (𝑣′′ + 2𝑣 + 2𝑥𝑣′ + 2𝑥𝑣′ + 4𝑥2𝑣)𝑒𝑥
2
= (𝑣′′ + 2𝑣 + 4𝑥𝑣′ + 4𝑥2𝑣)𝑒𝑥

2
 

We substitute the obtained derivatives in the initial equation 

𝑦′′ − 4𝑥𝑦′ + (4𝑥2 − 1)𝑦 = 

= (𝑣′′ + 2𝑣 + 4𝑥𝑣′ + 4𝑥2𝑣)𝑒𝑥
2
− 4𝑥(𝑣′ + 2𝑥𝑣)𝑒𝑥

2
+ (4𝑥2 − 1)𝑣𝑒𝑥

2
= 

= (𝑣′′ + 2𝑣 + 4𝑥𝑣′ + 4𝑥2𝑣 − 4𝑥(𝑣′ + 2𝑥𝑣) + (4𝑥2 − 1)𝑣)𝑒𝑥
2
= 

= (𝑣′′ + 2𝑣 + 4𝑥𝑣′ + 4𝑥2𝑣 − 4𝑥𝑣′ − 8𝑥2𝑣 + 4𝑥2𝑣 − 𝑣)𝑒𝑥
2
= 

= (𝑣′′ + 2𝑣 − 𝑣⏟    
𝑣

+ 4𝑥𝑣′ − 4𝑥𝑣′⏟        
0

+ 8𝑥2𝑣 − 8𝑥2𝑣⏟        
0

) 𝑒𝑥
2
= (𝑣′′ + 𝑣)𝑒𝑥

2
 

Hence 

𝑦′′ − 4𝑥𝑦′ + (4𝑥2 − 1)𝑦 = −3𝑒𝑥
2
sin 2𝑥 ↔ (𝑣′′ + 𝑣)𝑒𝑥

2
= −3𝑒𝑥

2
sin 2𝑥 

𝑣′′ + 𝑣 = −3 sin 2𝑥 ↔
𝑑2𝑣

𝑑𝑥2
+ 𝑣 = −3 sin 2𝑥 

ANSWER: 𝑇𝑅𝑈𝐸. 
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