
 

 

Answer on Question #66343 – Math – Differential Equations 
 

Question 
 

Show that the wave equation   
𝑎2𝑢𝑥𝑥 = 𝑢𝑡𝑡 

can be reduced to the form   
𝑢𝜉𝜂 = 0 

by the change of variable 
 

                                                𝜉 = 𝑥 − 𝑎𝑡, 𝜂 = 𝑥 + 𝑎𝑡. 
 

Solution 
We have the differential equation  

𝑎2𝑢𝑥𝑥 = 𝑢𝑡𝑡 
Change the variables 𝑥, 𝑡 by 𝜉, 𝜂: 

𝜉 = 𝑥 − 𝑎𝑡, 𝜂 = 𝑥 + 𝑎𝑡 
Note that 

𝜉𝑥 = 1, 𝜂𝑥 = 1,          𝜉𝑡 = −𝑎, 𝜂𝑡 = 𝑎 
Find partial derivatives which are into the equation 

𝑢𝑥 = 𝑢𝜉𝜉𝑥 + 𝑢𝜂𝜂𝑥 = 𝑢𝜉 + 𝑢𝜂 

𝑢𝑡 = 𝑢𝜉𝜉𝑡 + 𝑢𝜂𝜂𝑡 = −𝑎𝑢𝜉 + 𝑎𝑢𝜂  

𝑢𝑥𝑥 = (𝑢𝜉 + 𝑢𝜂)
𝜉

𝜉𝑥 + (𝑢𝜉 + 𝑢𝜂)
𝜂

𝜂𝑥 = 𝑢𝜉𝜉 + 𝑢𝜂𝜉 + 𝑢𝜉𝜂 + 𝑢𝜂𝜂

= 𝑢𝜉𝜉 + 2𝑢𝜉𝜂 + 𝑢𝜂𝜂  

𝑢𝑡𝑡 = (−𝑎𝑢𝜉 + 𝑎𝑢𝜂)
𝜉

𝜉𝑡 + (−𝑎𝑢𝜉 + 𝑎𝑢𝜂)
𝜉

𝜂𝑡

= 𝑎2𝑢𝜉𝜉 − 𝑎2𝑢𝜂𝜉 − 𝑎2𝑢𝜉𝜂 + 𝑎2𝑢𝜂𝜂 == 𝑎2𝑢𝜉𝜉 − 2𝑎2𝑢𝜉𝜂 + 𝑎2𝑢𝜂𝜂 

Substitute the derivatives into the equation 

𝑎2(𝑢𝜉𝜉 + 2𝑢𝜉𝜂 + 𝑢𝜂𝜂) = 𝑎2𝑢𝜉𝜉 − 2𝑎2𝑢𝜉𝜂 + 𝑎2𝑢𝜂𝜂  

Then we get 
4𝑎2𝑢𝜉𝜂 = 0 

or 
𝑢𝜉𝜂 = 0 

Answer: the wave equation 𝑎2𝑢𝑥𝑥 = 𝑢𝑡𝑡
 
can be reduced to the form 𝑢𝜉𝜂 = 0  by 

the change of variables 𝜉 = 𝑥 − 𝑎𝑡, 𝜂 = 𝑥 + 𝑎𝑡. 
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