
 

 

Answer on Question #66340 – Math – Differential Equations 

Question 

Using the method of separation of variables, solve 

𝑢𝑥𝑡 = 𝑒−𝑡 cos 𝑥   (i) 

when 

𝑢(𝑥, 0)  = 0, 

𝜕𝑢

𝜕𝑡
(0, 𝑡) =  0. 

Solution 

We shall search for the solution of (i) in the following form:  

𝑢(𝑥, 𝑡) = 𝑋(𝑥)𝑇(𝑡). 

Substituting it in the equation (i) and the initial conditions we obtain 

𝑋′(𝑥)𝑇′(𝑡) = 𝑒−𝑡 cos 𝑥 

𝑋(𝑥)𝑇(0) = 0, 𝑋(0)𝑇′(𝑡) = 0. 

We remark that 𝑋(𝑥) ≠ 0, because 𝑢(𝑥, 𝑡) with 𝑋 = 0 is not a solution of the equation. Therefore, 
𝑇(0) = 0. Further, 𝑇′(𝑡) cannot be equal to zero, since it contradicts the equation 

𝑋′(𝑥)𝑇′(𝑡) = 𝑒−𝑡 cos 𝑥. 

Therefore, 

 𝑋(0) = 0. 

So we obtain two initial value problems: 

𝑋′(𝑥) = cos 𝑥,   𝑋(0) = 0  (1) 

 and 

𝑇′(𝑡) = 𝑒−𝑡, 𝑇(0) = 0.   (2) 

Solving the problem (1) we obtain 

𝑋′(𝑥) = cos 𝑥, 

𝑋(𝑥) = sin 𝑥 + 𝐶1. 

𝑋(0) = 𝐶1 = 0. 



 

 

So, 𝑋(𝑥) = sin 𝑥 is a solution of the problem (1).  

Solving the problem (2) we obtain  

𝑇′(𝑡) = 𝑒−𝑡, 

𝑇(𝑡) = −𝑒−𝑡 + 𝐶2. 

𝑇(0) = −1 + 𝐶2 = 0 →  𝐶2 = 1. 

Then 

𝑇(𝑡) = −𝑒−𝑡 + 1 

is a solution of the problem (2). 

Therefore, the solution of the original problem (i) satisfying the initial conditions is 

𝑢(𝑥, 𝑡) = 𝑋(𝑥)𝑇(𝑡) = (1 − 𝑒−𝑡) sin 𝑥 = −𝑒−𝑡 sin 𝑥 + sin 𝑥 . 

Answer: 𝑢(𝑥, 𝑡) = −𝑒−𝑡 sin 𝑥 + sin 𝑥 . 
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